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Lv wkh lqwhjudwlrq ri zruog dvvhw pdunhwv qhfhvvdulo|

ehqh�fldo lq wkh suhvhqfh ri prqhwdu| vkrfnvB

Fìgulf Wlooh

Ihghudo Uhvhuyh Edqn ri Qhz \run �

Rfwrehu 63/ 5333

Devwudfw

Wklv sdshu hydoxdwhv wkh frqvhtxhqfhv ri wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdu0

nhwv zkhq jrrgv pdunhwv duh fkdudfwhul}hg e| sulfh uljlglwlhv1 Xvlqj dq rshq hfrqrp|

jhqhudo htxloleulxp prgho zlwk yrodwlolw| lq wkh prqh| pdunhwv/ zh vkrz wkdw vxfk dq

lqwhjudwlrq lv qrw xqlyhuvdoo| ehqh�fldo1 Wkh frxqwu| zlwk wkh pruh yrodwloh vkrfnv zloo

ehqh�w zkhuhdv wkh frxqwu| zkhuh wkh yrodwlolw| ri vkrfnv lv prghudwh zloo vx�hu1 Wkh

zhoiduh h�hfwv uh hfw fkdqjhv lq wkh whupv ri wudgh wkdw rffxu ehfdxvh iruzdug0orrnlqj

sulfh vhwwhuv dgmxvw wr wkh fkdqjhv lq h{fkdqjh udwh yrodwlolw| eurxjkw derxw e| wkh

lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv1

MHO fodvvl�fdwlrq= I66/ I69/ I74/ I75

Nh|zrugv= lqwhuqdwlrqdo ulvn vkdulqj/ whupv ri wudgh

�L dp judwhixo wr Euldq Gr|oh/ Idelr Jklurql/ Dqguhz Ohylq/ Plfr Oruhwdq/ Jlrydqql Rolyhl/ Fduro Rvohu/

dv zhoo dv vhplqdu sduwlflsdqwv dw wkh Erdug ri Jryhuqruv/ Uxwjhuv Xqlyhuvlw| dqg wkh Ihghudo Uhvhuyh

Edqn ri Sklodghoskld iru ydoxdeoh frpphqwv dqg glvfxvvlrqv1 P|fkdo Fdpsrv surylghg h{fhoohqw uhvhdufk

dvvlvwdqfh1 Wkh ylhzv h{suhvvhg lq wklv sdshu duh wkrvh ri wkh dxwkru dqg duh qrw qhfhvvdulo| uh hfwlyh ri

ylhzv dw wkh Ihghudo Uhvhuyh Edqn ri Qhz \run ru wkh Ihghudo Uhvhuyh V|vwhp1
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4 Lqwurgxfwlrq

D surplqhqw ihdwxuh ri wkh zruog hfrqrp| lq uhfhqw |hduv lv wkh lqfuhdvhg lqwhjudwlrq

ri �qdqfldo pdunhwv zruogzlgh1 Wkh qxpehu ri frxqwulhv wkdw dffhsw Duwlfoh YLLL ri wkh

LPI qhduo| wulsohg iurp 88 lq 4<;3 wr 478 lq 4<<; +LPI +4<<<,,1 Wkh lpsolfdwlrqv ri wkh

joredol}dwlrq ri dvvhw pdunhwv duh pdq| dqg ydulhg1 Rq wkh ehqh�w vlgh/ lw doorzv frxqwulhv

wr �qdqfh lqyhvwphqw surmhfwv e| jlylqj wkhp dffhvv wr iruhljq ixqgv1 Lw dovr surylghv

djhqwv zlwk d eurdghu phqx ri dvvhwv/ doorzlqj wkhp wr ehwwhu glyhuvli| lglrv|qfudwlf ulvn1

Vhyhudo vwxglhv kdyh dvvhvvhg wkh jdlqv iurp lqwhuqdwlrqdo ulvn vkdulqj1 Vrph irxqg wkhp

wr eh olplwhg +Froh dqg Revwihog +4<<4,/ Revwihog dqg Urjr� +4<<9 fk1 8,/ Whvdu +4<<8,,/

zkhuhdv rwkhuv irxqg odujhu jdlqv +Gdylv/ Qdohzdln dqg Zloohq +5333,/ ydq Zlqfrrs +4<<<,,1

Ohzlv +5333, frqwudvwv wkh gl�huhqw dssurdfkhv1 Wkhvh ehqh�wv krzhyhu frph dorqj zlwk

vljql�fdqw frvwv1 Vhyhudo frqwulexwlrqv kdyh vwuhvvhg wkh ulvnv dvvrfldwhg zlwk sdqlfv dqg

pdqld lq �qdqfldo pdunhwv +Ekdjzdwl +4<<;,/ Fdoyr +5333,/ Fdoyr dqg Phqgr}d +5333,,1

Zkhwkhu vxfk sureohpv duh odujh hqrxjk wr r�vhw wkh ehqh�wv iurp lqwhjudwlrq uhpdlqv

ghedwhg +Revwihog +4<<;,/ Urjr� +4<<<,,1

Wklv sdshu dqdo|}hv krz wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv lqwhudfwv zlwk

lpshuihfwlrqv lq jrrg pdunhwv1 Vxfk lpshuihfwlrqv sod| d fhqwudo uroh lq wkh dqdo|vlv ri

rswlpdo srolflhv lq rshq hfrqrplhv1 Lq sduwlfxodu/ vhyhudo uhfhqw vwxglhv glvfxvv rswlpdo

prqhwdu| srolf| xvlqj plfur0irxqghg prghov hqfrpsdvvlqj wkhvh lpshuihfwlrqv1 D qrq0

h{kdxvwlyh olvw lqfoxghv Ehqljqr dqg Ehqljqr +5333,/ Ghyhuhx{ dqg Hqjho +5333/ 4<<;,/

Hqjho +5333,/ Jdol dqg Prqdfhool +4<<<,/ Jklurql +5333,/ Revwihog dqg Urjr� +5333,14

Prvw ri wkh vwxglhv ri lqwhuqdwlrqdo prqhwdu| lqwhudfwlrqv krzhyhu gr qrw frqvlghu krz

gl�huhqw lqwhuqdwlrqdo dvvhw pdunhwv vwuxfwxuhv d�hfw wkh uhvxowv15 Wklv sdshu xqghuwdnhv

vxfk dq dqdo|vlv xvlqj d vwdqgdug plfur0irxqghg jhqhudo htxloleulxp rshq hfrqrp| prgho

4Iru d pruh frpsohwh olvw vhh wkh zhesdjh rq prqhwdu| srolf| uxohv lq rshq hfrqrplhv/

kwws=22vrfudwhv1ehunhoh|1hgx2�jehqljqr2psrh1kwp1

5Dq h{fhswlrq lv Hqjho +5333,1
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edvhg rq Revwihog dqg Urjr� +4<<;,1 Ghvslwh wkh h{whqvlyh xvh ri yduldqwv ri wklv prgho/ lw

kdv qrw |hw eh xvhg wr dgguhvv wkh txhvwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv lqwhjudwlrq1 Lw lv

zhoo vxlwhg iru wkh h{huflvh dv lw surylghv xv zlwk d zhoo jurxqghg zhoiduh fulwhulrq/ qdpho|

wkh xwlolw| ri wkh uhsuhvhqwdwlyh djhqw/ dqg lqfoxghv pdunhw lpshuihfwlrqv lq wkh irup ri

prqrsrolvwlf frpshwlwlrq dqg sulfh uljlglwlhv1 Wkh jhqhudo htxloleulxp qdwxuh ri wkh prgho

dovr doorzv xv wr wdnh wkh ydulrxv fkdqqhov wkurxjk zklfk wkh lqwhjudwlrq ri dvvhw pdunhwv

d�hfw wkh hfrqrp| lqwr dffrxqw1 Wklv lv hvshfldoo| lpsruwdqw dv lqgluhfw h�hfwv wkurxjk wkh

iruzdug orrnlqj vhwwlqj ri sulfhv fdq gudvwlfdoo| d�hfw wkh uhvxowv ri wkh dqdo|vlv/ dv vwuhvvhg

e| Ghyhuhx{ dqg Hqjho +4<<;,1

Zh xvh d yhuvlrq ri wkh prgho doorzlqj iru uhdo h{fkdqjh udwh  xfwxdwlrqv e| frqvlghulqj

ghyldwlrqv iurp wkh odz ri rqh sulfh/ d ihdwxuh vxssruwhg e| hpslulfdo vwxglhv +Hqjho dqg

Urjhuv +5333,/ Hqjho +4<<<,,1 Xqolnh hduolhu frqwulexwlrqv +Fkdul/ Nhkrh dqg PfJudwwdq

+5333,/ Ghyhuhx{ dqg Hqjho +5333/ 4<<;,/ Ghyhuhx{/ Hqjho dqg Wlooh +4<<<,, zh gr qrw

uhvwulfw wkh dqdo|vlv wr d vhwxs zlwk frpsohwh lqwhuqdwlrqdo dvvhw pdunhwv1 Lqvwhdg/ zh dovr

ghulyh d yduldqw zkhuh lqwhuqdwlrqdo dvvhw pdunhwv duh vlpso| qrq0h{lvwhqw1 Wkh lqwhjudwlrq

ri lqwhuqdwlrqdo dvvhw pdunhwv fdq wkhq eh dqdo|}hg dv d pryh iurp wkh vhfrqg wr wkh �uvw

vhwxs1

Zh frqvlghu d prgho zlwk wzr frxqwulhv wkdw duh erwk d�hfwhg e| prqhwdu| vkrfnv1 Wkh

yrodwlolw| ri wkhvh vkrfnv lv krzhyhu gl�huhqw dfurvv frxqwulhv1 Zh glvwlqjxlvk ehwzhhq d

orz yrodwlolw| frxqwu|/ zklfk fdq eh lqwhusuhwhg dv dq lqgxvwuldol}hg frxqwu|/ dqg d kljk

yrodwlolw| frxqwu|/ zklfk fdq uhsuhvhqw dq hphujlqj pdunhw1 Wkh pdmru �qglqj lv wkdw wkh

lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv grhv qrw ehqh�w doo frxqwulhv1 Lqvwhdg/ wkh kljk

yrodwlolw| frxqwu| ehqh�wv zkhuhdv wkh orz yrodwlolw| frxqwu| orrvhv1 Wkh pdlq lpsdfw frphv

wkurxjk wkh whupv ri wudgh1 E| lqfuhdvlqj wkh yrodwlolw| ri wkh h{fkdqjh udwh/ wkh lqwhjudwlrq

ri lqwhuqdwlrqdo dvvhw pdunhwv lqgxfhv h{sruwlqj �upv wr orzhu wkhlu sulfhv ehfdxvh wkhlu

uhyhqxh lv frqyh{ lq wkh h{fkdqjh udwh1 Wklv lv wkh grplqdqw h�hfwv iru �upv orfdwhg lq wkh

orz yrodwlolw| frxqwu|1 Lq wkh kljk yrodwlolw| frxqwu| krzhyhu/ wklv h�hfw lv grplqdwhg e|

wkh idfw wkdw h{fkdqjh udwh  xfwxdwlrqv uhgxfhv wkh h{sruwhuv* uhyhqxh suhflvho| zkhq wkhlu

pdujlqdo xwlolw| ri lqfrph lv kljk/ zklfk ohdgv wkhp wr lqfuhdvh wkhlu sulfhv1 Wkhvh sulfh
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fkdqjhv errvw wkh frpshwlwlyhqhvv ri jrrgv surgxfhg lq wkh orz yrodwlolw| frxqwu|1 Krzhyhu

wklv frphv dw wkh frvw ri d zruvhqlqj ri wkh whupv ri wudgh zklfk uhgxfhv wkh sxufkdvlqj

srzhu ri krxvhkrogv lq wkh orz yrodwlolw| frxqwu|/ xowlpdwho| pdnlqj wkhp zruvh r�1

Wkh srvvlelolw| ri dgyhuvh h�hfwv iurp dvvhw pdunhwv lqwhjudwlrq kdv ehhq uhfrjql}hg lq

hduolhu vwxglhv/ vxfk dv Ekdjzdwl +4<<;,/ Jhuwohu dqg Urjr� +4<<3,/ Rvohu +4<<4,1 Wkhvh

frqwulexwlrqv srlqw wkdw lqwhjudwlrq fdq eh ghwulphqwdo wr wkh hphujlqj pdunhw1 E| frqwudvw

wklv sdshu vwuhvvhv wkdw wkh lqgxvwuldol}hg frxqwu| fdq eh dgyhuvho| d�hfwhg1 Lw dovr vkrzv

wkdw xqghu uhdvrqdeoh sdudphwhuv wkh pdjqlwxghv ri wkh zhoiduh h�hfw lv vl}hdeoh/ dv lw

dprxqwv wr ehwzhhq f�S dqg ��D shufhqw ri frqvxpswlrq1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 2 suhvhqwv wkh vwuxfwxuh ri wkh prgho1 Vhfwlrq

� dqdo|}hv wkh srvlwlyh lpsdfw ri yrodwlolw|1 Wkh glvfxvvlrq irfxvhv rq wkh pdlq uhvxowv dqg

wkhlu lqwxlwlyh lqwhusuhwdwlrq/ zlwk wkh ghwdlohg vwhsv ehlqj suhvhqwhg lq wkh Dsshqgl{1 Wkh

qrupdwlyh lpsolfdwlrqv duh glvfxvvhg lq vhfwlrq e1 Wkh uhvxowv duh looxvwudwhg e| d qxphulfdo

h{dpsoh lq vhfwlrq D1 Vhfwlrq S dqdo|}hv wzr h{whqvlrqv dqg vkrzv wkdw wkh uhvxowv uhpdlq

ydolg1 Vhfwlrq . frqfoxghv1

5 Wkh prgho

514 Krxvhkrogv rswlpl}dwlrq

Wkh zruog lv pdgh ri wzr frxqwulhv/ ghqrwhg e| � dqg 21 D pdvv ? ri krxvhkrogv duh

uhvlghqwv ri frxqwu| � dqg d pdvv � � ? duh uhvlghqwv ri frxqwu| 21 Krxvhkrogv frqvxph d

frqwlqxxp ri jrrgv ri gl�huhqw eudqgv1 Eudqgv duh lqgh{hg e| �/ zlwk ? eudqgv surgxfhg

lq frxqwu| � +� 5 dfc ?�, dqg �� ? eudqgv surgxfhg lq frxqwu| 2 +� 5 d?c �o,1 Wkh remhfwlyh

ri krxvhkrog % lq frxqwu| � lv wr pd{lpl}h=

L�| E%� ' .|

"[
r'f

qr

%
d��|nr E%�o

�34

�� 4
n �� *?

�
��|nr E%�

��|nr

�
� #u�|nr E%�

&
+4,

Wkh �uvw whup fdswxuhv wkh xwlolw| iurp frqvxplqj d edvnhw ri jrrgv/ �� E%�1 4 lv wkh

frh!flhqw ri ulvn dyhuvlrq dqg zh dgrsw wkh xvxdo dvvxpswlrq wkdw 4 : �1 Wkh vhfrqg whup

fdswxuhv wkh oltxlglw| vhuylfhv iurp wkh uhdo fxuuhqf| kroglqjv/ zkhuh �� E%� lv wkh dprxqw
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ri frxqwu| � fxuuhqf| khog e| krxvhkrog %/ dqg �� lv wkh djjuhjdwh sulfh ohyho lq frxqwu| �1

Wkh odvw whup fdswxuhv wkh glvxwlolw| ri krxuv zrunhg/ u� E%�1

Wkh frqvxpswlrq edvnhw �� E%� lv frpsrvhg ri jrrgv surgxfhg lq frxqwu| � dqg 2=

��| E%� '
d���| E%�o

? d��2| E%�o
�3?

?? E�� ?��3?

zkhuh ��� E%� lv wkh frqvxpswlrq e| krxvhkrog % olylqj lq frxqwu| � ri jrrgv surgxfhg lq

frxqwu| �1 ��� E%� dqg ��2 E%� duh lq wxuq edvnhwv ri wkh ydulrxv eudqgv surgxfhg lq hdfk

frxqwu|=

���| E%� '

�
?3

�

b

] ?

f

d���| E%c ��o
b3�

b _�

� b

b3�

��2| E%� '

�
E�� ?�3

�

b

]
�

?

d��2| E%c ��o
b3�

b _�

� b

b3�

zkhuh ��� E%c �� lv wkh frqvxpswlrq e| krxvhkrog % olylqj lq frxqwu| � ri eudqg � surgxfhg lq

frxqwu| �1 Wkh lqwud0whpsrudo doorfdwlrq ri frqvxpswlrq dfurvv wkh dydlodeoh eudqgv uh hfwv

wkh eudqgv sulfhv1 Wkh ghpdqgv iurp krxvhkrog % olylqj lq frxqwu| � iru d frxqwu| � eudqg

dqg d frxqwu| 2 eudqg duh jlyhq e|=

���| E%c �� '

�
���| E��

���|

�
3b

��|��| E%�

���|

+5,

��2| E%c �� '

�
��2| E��

��2|

�
3b

��|��| E%�

��2|

+6,

zkhuh ��� E�� lv wkh sulfh/ lq frxqwu| � fxuuhqf|/ ri d eudqg � surgxfhg lq frxqwu| � dqg

vrog lq frxqwu| �1 ��� lv wkh sulfh lqgh{/ lq frxqwu| � fxuuhqf|/ ri jrrgv surgxfhg lq frxqwu|

� dqg vrog lq frxqwu| �1 �� lv wkh sulfh lqgh{/ lq frxqwu| � fxuuhqf|/ ri doo jrrgv vrog lq

frxqwu| �1 Wkh sulfh lqgh{hv uhsuhvhqw wkh plqlpxp h{shqglwxuh uhtxluhg wr sxufkdvh rqh

xqlw ri wkh fruuhvsrqglqj edvnhw1 Wkh frqvxpswlrq doorfdwlrq iru dq krxvhkrog olylqj lq

frxqwu| 2 wdnhv d vlplodu irup1

Lq dgglwlrq ri grphvwlf prqh| krxvhkrogv fdq krog d frpsohwh udqjh ri frqwlqjhqw vhfx0

ulwlhv1 Zh vhsdudwh wkh vhw ri dydlodeoh vhfxulwlhv lq wzr vxevhwv glvwlqjxlvkhg e| wkh fxuuhqf|

ghqrplqdwlrq ri wkh sd|r�1 Vhfxulwlhv lq wkh �uvw +vhfrqg, vxevhw sd| � xqlw ri frxqwu| � +2,

fxuuhqf|/ frqglwlrqdo rq wkh uhdol}dwlrq ri wkh dvvrfldwhg vwdwh ri wkh zruog1 Krxvhkrogv fdq
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dozd|v krog vhfxulwlhv wkdw sd| r� lq wkhlu grphvwlf fxuuhqf|/ exw pd| eh surklelwhg iurp

kroglqj vhfxulwlhv sd|lqj r� lq wkh rwkhu frxqwu| fxuuhqf|1 Wklv srvvleoh surklelwlrq lv wkh

glvwlqjxlvklqj ihdwxuh ehwzhhq wkh wzr yduldqwv zh frqvlghu=

� Li krxvhkrogv fdq krog vhfxulwlhv sd|lqj r� lq wkh rwkhu frxqwu| fxuuhqf|/ wkh| fdq

wudgh dvvhwv zlwk iruhljq krxvhkrogv1 Dvvhwv pdunhwv duh wkhuhiruh frpsohwh dfurvv dqg

zlwklq frxqwulhv1 Zh uhihu wr wklv fdvh dv wkh frps prgho/

� Li krxvhkrogv fdq qrw krog vhfxulwlhv sd|lqj r� lq wkh rwkhu frxqwu| fxuuhqf|/ wkh|

fdqqrw wudgh dvvhwv zlwk iruhljq krxvhkrogv1 Wkhuh lv wkhuhiruh qr srvvlelolw| ri lq0

whuqdwlrqdo ulvn vkdulqj= dvvhwv pdunhwv duh frpsohwh zlwklq frxqwulhv exw qrw dfurvv

frxqwulhv1 Wkh lpsrvvlelolw| ri kroglqj fodlpv dfurvv frxqwulhv lpsolhv wkdw wudgh  rzv

lq jrrgv duh edodqfhg lq hdfk vwdwh ri wkh zruog/ dqg zh uhihu wr wklv prgho dv wkh edo

prgho1

Lq erwk prghov/ wkh exgjhw frqvwudlqw ri krxvhkrog % olylqj lq frxqwu| � lv jlyhq e|=

��|��| E%� n��| E%� n %3�|n� E%�

' %5�| E%� n��|3� E%� n ��| E%� n`�|u�| E%�� A�| E%� +7,

zkhuh %3�|n� E%� ghqrwhv wkh sxufkdvhv e| krxvhkrog % olylqj lq frxqwu| � ri frqwlqjhqw

vhfxulwlhv wkdw sd| r� lq shulrg |n �1 %5�| E%� lv wkh sd|r� lq shulrg | rq vlplodu vhfxulwlhv

sxufkdvhg lq shulrg | � �1 ��| E%� ghqrwhv wkh oxps vxp glylghqg uhyhqxh iurp wkh �upv

rzqhg e| krxvhkrog % dqg A�| E%� lv d oxps vxp wd{1 Wkh exgjhw frqvwudlqw iru d krxvhkrog

olylqj lq frxqwu| 2 lv vlplodu1

Zh qrz glvfxvv wkh vshfl�fdwlrq ri wkh %3 dqg %5 whupv1 Lq wkh frps prgho/ doo

krxvhkrogv fdq wudgh lq doo vhfxulwlhv/ vr wkh %3� dqg %5� whupv fryhu vhfxulwlhv ghqrplqdwhg

lq frxqwu| � fxuuhqf|/ dv zhoo dv vhfxulwlhv ghqrplqdwhg lq frxqwu| 2 fxuuhqf|/ iru � ' �c 21

Lq wkh edo prgho e| frqwudvw/ krxvhkrogv fdq wudgh rqo| lq wkh vhfxulwlhv sd|lqj r� lq wkh

fxuuhqf| ri wkhlu frxqwu| ri uhvlghqfh1 Wkh %3� dqg %5� whupv wkhq fryhu rqo| vhfxulwlhv

ghqrplqdwhg lq frxqwu| � fxuuhqf|/ iru � ' �c 21 Wkh nh| ihdwxuh ri wkh edo prgho lv wkdw
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krxvhkrogv fdqqrw wudgh vhfxulwlhv zlwk wkhlu frxqwhusduwv deurdg/ qrw wkdw krxvhkrogv duh

uhvwulfwhg lq whupv ri wkh fxuuhqf| ghqrplqdwlrq ri wkh vhfxulwlhv wkh| fdq wudgh1

Krxvhkrog % olylqj lq frxqwu| � pd{lpl}hv +4, vxemhfw wr +7,/ zlwk khu frxqwhusduw lq

frxqwu| 2 vroylqj d vlplodu sureohp1 Wkh Dsshqgl{ vkrzv wkdw lq erwk wkh frps dqg edo

prghov zh rewdlq=

`�|

��|

' #�
4
�| +8,

��|

��|

' �
4
�|

�
�

�� _�
+9,

zkhuh zh gursshg wkh % lqgh{ dv doo krxvhkrogv zlwklq d frxqwu| duh lghqwlfdo1 +8, lv wkh

oderu vxsso| uhodwlrq htxdwlqj wkh pdujlqdo xwlolw| ri frqvxpswlrq dgmxvwhg e| wkh uhdo zdjh

wr wkh pdujlqdo frvw ri h�ruw1 +9, lv wkh prqh| pdunhw htxloleulxp zkhuh wkh pdujlqdo

xwlolw| ri prqhwdu| edodqfhv dgmxvwhg iru wkh glvfrxqw idfwru lv htxdo wr wkh pdujlqdo xwlolw|

ri frqvxpswlrq16 Vlplodu uhodwlrqv krog iru frxqwu| 2=

`2|

�2|

' #�
4
2| +:,

�2|

�2|

' �
4
2|

�
2

�� _2
+;,

+8,0+;, duh lqghshqghqw ri wkh vwuxfwxuh ri dvvhw pdunhwv dqg krog lq erwk wkh frps dqg

wkh edo prghov1 Zh frqvlghu wkdw lq erwk prghov jryhuqphqwv vlpso| uhsd| wkh vhljqrudjh

uhyhqxh lq wkh irup ri oxps vxp wudqvihuv= ��| ���|3� ' �A�|/ iru � ' �c 21

515 Ilupv rswlpl}dwlrq

Ilupv surgxfh jrrgv xvlqj d frqvwdqw uhwxuqv wr vfdoh whfkqrorj| zlwk oderu dv wkh

rqo| lqsxw1 Rxu prgho lv fkdudfwhul}hg e| sulfh uljlglwlhv dv �upv fkrvh wkhlu sulfhv ehiruh

vkrfnv duh uhdol}hg1 Iroorzlqj d vkrfn/ rxwsxw lv ghpdqg ghwhuplqhg dqg �upv dffrpprgdwh

fkdqjhv lq ghpdqg dw wkh suhvhw sulfhv1 Iroorzlqj Ghyhuhx{ dqg Hqjho +5333, zh dvvxph

wkdw �upv fkrrvh wzr sulfhv= rqh lq wkhlu rzq fxuuhqf| iru grphvwlf vdohv dqg rqh lq iruhljq

6Wkh Dsshqgl{ vkrzv wkdw wkh glvfrxqw idfwru g4w>w.4 @ � ^S4wF
�
4w`

�
S4w.4F

�
4w.4

�
�4

lv frqvwdqw dw g41 Wklv

uhvxow uh hfwv rxu dvvxpswlrq ri d orjdulwkplf xwlolw| iru uhdo edodqfhv1

:



fxuuhqf| iru h{sruw vdohv1 Dv sulfhv duh suhvhw lq wkh frqvxphuv* fxuuhqf| wkh odz ri rqh

sulfh grhv qrw qhfhvvdulo| krog1 Wkh sulfh fkdujhg e| d �up iru vdohv lq frxqwu| � fdq gl�hu

iurp wkh sulfh lw fkdujhv lq frxqwu| 2 dgmxvwhg iru wkh h{fkdqjh udwh1 Zh gr qrw dvvxph

wkdw wkh odz ri rqh sulfh krogv iru wzr uhdvrqv1 Iluvw/ wkh odz ri rqh sulfh lv qrw vxssruwhg

e| hpslulfdo hylghqfh +Hqjho +4<<<,/ Hqjho dqg Urjhuv +5333,,1 Vhfrqg/ ghyldwlrqv iurp

sxufkdvlqj srzhu sdulw|/ vwhpplqj iurp wkh idloxuh ri wkh odz ri rqh sulfh/ duh d fuxfldo

hohphqw ri rxu dqdo|vlv1 Dv vkrzq e| Revwihog dqg Urjr� +5333/ 4<<;, krxvhkrogv qhyhu

fkrrvh wr krog dq| fodlpv rq wkh rwkhu frxqwu| zkhq sxufkdvlqj srzhu sdulw| krogv/ dqg

wkh uhvxowv duh wkh vdph zkhwkhu lqwhuqdwlrqdo dvvhw pdunhwv duh qrq0h{lvwhqw/ lqfrpsohwh/

ru frpsohwh1

Wkh rswlpl}dwlrq sureohp ri hdfk �up lv wr pd{lpl}h lwv h{shfwhg sur�wv rqh shulrg

dkhdg1 Ilupv orfdwhg lq d frxqwu| ehlqj rzqhg e| wkh krxvhkrogv uhvlglqj lq wkdw frxqwu|/

wkh sur�wv duh glvfrxqwhg e| wkh pdujlqdo xwlolw| ri lqfrph1 D �up lq frxqwu| � fkrrvhv d

sulfh ���| lq frxqwu| � fxuuhqf| fkdujhg wr grphvwlf fxvwrphuv/ dqg d sulfh �2�| lq frxqwu|

2 fxuuhqf| fkdujhg wr fxvwrphuv deurdg1 Wkh rswlpdo sulfhv duh jlyhq e|=

���| '
b

b� �

.|3�`�|�
�34

�|

.|3��
�34

�|

+<,

�2�| '
b

b� �

.|3�`�|�
34

�| �2|

.|3�7|�
34

�| �2|

+43,

zkhuh 7 lv wkh qrplqdo h{fkdqjh udwh lv gh�qhg lq whupv ri xqlwv ri frxqwu| � fxuuhqf| shu

xqlw ri frxqwu| 2 fxuuhqf|/ vr wkdw dq lqfuhdvh lq 7 fruuhvsrqgv wr d ghsuhfldwlrq ri wkh

frxqwu| � fxuuhqf|1 Wr kljkoljkw wkh lqwxlwlrq/ zh irfxv rq wkh vhfrqg htxdwlrq dqg uhzulwh

lw dv=

�2�|.|3�7|�
34

�| �2| '
b

b� �
.|3�`�|�

34

�| �2|

Wkh ohiw kdqg vlgh uhsuhvhqwv wkh h{shfwhg pdujlqdo uhyhqxh lq frxqwu| � fxuuhqf|/ �2�|.|3�7|/

dqg wkh uljkw kdqg0vlgh uhsuhvhqwv wkh h{shfwhg pdujlqdo frvw/ .|3�`�|1 Wkh whupv rq erwk

vlghv duh zhljkwhg e| �
34

�| �2|/ zklfk fdswxuhv wkh pdujlqdo xwlolw| ri uhyhqxh iru wkh �up

rzqhu/ �34

�| / dqg wkh vwuhqjwk ri ghpdqg lq wkh pdunhw/ �2|1

Lqwxlwlyho| wkh �up rzqhu kdv wr fkrrvh d sulfh nqrzlqj wkdw h{0srvw vkrfnv zloo rffxu

zklfk zloo pdnh khu zlvk wr vhw d gl�huhqw sulfh li vkh frxog1 Li vkh htxdoo| fduhv derxw doo

;



srvvleoh ixwxuh vwdwhv/ vkh zloo eh htxdoo| olnho| wr zlvk wr lqfuhdvh ru ghfuhdvh khu sulfh h{0

srvw1 Vkh wkhq fkrrvhv wkh sulfh vr wkdw wkh h{shfwhg pdujlqdo uhyhqxh h{fhhgv wkh h{shfwhg

pdujlqdo frvw e| d pdunxs uh hfwlqj khu prqrsro| srzhu= �2�|.|3�7| ' b Eb� ��3�.|3�`�|1

Wkh �up rzqhu krzhyhu grhv qrw zhljkw doo vwdwhv htxdoo|1 Lqvwhdg vkh fduhv pruh derxw

vwdwhv zkhuh khu pdujlqdo xwlolw| ri lqfrph lv kljk +�34

�| lv odujh, dqg 2 ru ghpdqg lv vwurqj

+�2| lv odujh,1 Li lq vxfk vwdwhv vkh lv htxdoo| olnho| wr zdqw wr orzhu khu sulfh ru lqfuhdvh lw/

vkh zloo vwloo vhw wkh h{shfwhg uhyhqxh dw d pdunxs ryhu wkh h{shfwhg pdujlqdo frvw1

Wkh �up rzqhu krzhyhu fkrrvhv d sulfh vxfk wkdw wkh h{shfwhg pdujlqdo uhyhqxh h{fhhgv

wkh h{shfwhg pdujlqdo frvw li khu pdujlq lv orzhu lq wkh vwdwhv wkdw vkh fduhv pruh derxw1

Wklv rffxuv li wkh h{fkdqjh udwh 7| lv qhjdwlyho| fruuhodwhg zlwk �
34

�| �2|1 Dq dssuhfldwlrq

ri frxqwu| � fxuuhqf| +d orz ydoxh ri 7|, uhgxfhv wkh uhyhqxh iru hdfk xqlw vrog/ h{suhvvhg

lq frxqwu| � fxuuhqf|1 Wklv rffxuv suhflvho| lq wkh vwdwhv derxw zklfk wkh �up rzqhu fduhv

pruh/ vr vkh fkrrvhv d kljkhu sulfh h{ dqwh1 Vkh dovr fkrrvhv d kljkhu sulfh li wkh pdujlqdo

frvw `�| lv srvlwlyho| fruuhodwhg zlwk �
34

�| �2|/ wkdw lv li wkh frvw lv kljkhu/ khqfh wkh sur�w

pdujlq orzhu/ lq wkh vwdwhv vkh fduhv pruh derxw1

Vlploduo|/ d �up lq frxqwu| 2 fkrrvhv d sulfh ��2| lq frxqwu| � fxuuhqf| fkdujhg wr

fxvwrphuv deurdg/ dqg d sulfh �22| lq frxqwu| 2 fxuuhqf| fkdujhg wr grphvwlf fxvwrphuv=

��2| '
b

b� �

.|3�`2|��|�
34

2|

.|3�7
3�

| ��|�
34

2|

+44,

�22| '
b

b� �

.|3�`2|�
�34

2|

.|3��
�34

2|

+45,

Qrwh wkdw wkh rswlpdo sulfh vhwwlqj htxdwlrqv duh lqghshqghqw ri wkh vwuxfwxuh ri dvvhw

pdunhwv1 Wkh rxwsxw ri wkh uhsuhvhqwdwlyh frxqwu| � dqg frxqwu| 2 �upv duh jlyhq e|=

t�| ' ?
��|��|

���|

n E�� ?�
�2|�2|

�2�|

/ t2| ' ?
��|��|

��2|

n E�� ?�
�2|�2|

�22|

+46,

516 Wkh uhodwlrq ehwzhhq frqvxpswlrq dqg wkh uhdo h{fkdqjh udwh

Wkh uhvxowv vr idu krog zkhwkhu lqwhuqdwlrqdo dvvhw pdunhwv duh frpsohwh ru qrq h{lvwhqw1

Zh qrz wxuq wr wkh glphqvlrq ri wkh prgho wkdw lv d�hfwhg e| wkh vwuxfwxuh ri lqwhuqdwlrqdo

dvvhw pdunhwv/ qdpho| wkh uhodwlrq ehwzhhq wkh uhdo h{fkdqjh udwh dqg uhodwlyh frqvxpswlrq1

<



Lq wkh frps prgho/ rswlpdo ulvn vkdulqj lpsolhv wkdw wkh uhdo h{fkdqjh udwh lv dozd|v

htxdo wr wkh udwlr ri pdujlqdo xwlolwlhv ri frqvxpswlrq/ dv vkrzq lq Fkdul/ Nhkrh dqg Pf0

Judwwdq +5333, dqg Ghyhuhx{ dqg Hqjho +5333,=

7|�2|

��|

'
�

4

�|

�
4

2|

+47,

Lqwxlwlyho| +47, vkrzv wkdw wkh ehqh�w iurp dq dgglwlrqdo xqlw ri lqfrph lq hlwkhu fxuuhqf|

lv wkh vdph uhjdugohvv zkhwkhu lw lv sdlg wr krxvhkrogv lq frxqwu| � ru frxqwu| 21

+47, grhv qrw krog lq wkh edo prgho dv krxvhkrogv fdqqrw wudgh vhfxulwlhv dfurvv erughuv1

Dv wkhuh duh qr furvv0frxqwu| dvvhw kroglqjv/ wudgh lq jrrgv pxvw eh edodqfhv hdfk shulrg1

Xvlqj wkh lpsruw ghpdqg lq frxqwu| � +6, dqg lwv htxlydohqw lq frxqwu| 2/ zh zulwh=

7|�2�|? E�� ?�
�2|�2|

�2�|

' ��2|? E�� ?�
��|��|

��2|

,
7|�2|

��|

'
��|

�2|

+48,

+48, surylghv d uhodwlrq ehwzhhq wkh uhdo h{fkdqjh udwh dqg uhodwlyh frqvxpswlrqv lq wkh

edo prgho/7 zklfk lv wkh frxqwhusduw ri wkh rswlpdo ulvn vkdulqj uhodwlrq +47, lq wkh frps

prgho1

+47, dqg +48, vkrz wkdw wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv/ l1h1 d pryh iurp

wkh edoprgho wr wkh frpsprgho/ lpsdfwv krxvhkrogv e| fkdqjlqj wkh vhqvlwlylw| ri uhodwlyh

frqvxpswlrq wr wkh uhdo h{fkdqjh udwh1 Wklv fohduo| vkrzv wkh fhqwudo uroh sod|hg e| wkh uhdo

h{fkdqjh udwh= lq dq| vhwxs zkhuh wkh sxufkdvlqj srzhu sdulw| krogv/ wkdw lv 7|�2| ' ��|/ wkh

lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv lv luuhohydqw dv frqvxpswlrq lv wkh vdph lq erwk

frxqwulhv= ��| ' �2|1 Dq h{dpsoh lv d vhwxs zlwk qrplqdo uljlglwlhv dqg frpsohwh h{fkdqjh

udwh sdvv0wkurxjk/ dv vkrzq e| Revwihog dqg Urjr� +5333/ 4<<;,1 Dqrwkhu h{dpsoh lv d

 h{leoh sulfh vhwxs1 Lqghhg/ lq wkh devhqfh ri sulfh uljlglwlhv wkh vwuxfwxuh ri wkh prgho

lpsolhv wkdw wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv lv qhxwudo1 Wklv krogv hyhq li

zh frqvlghu qrq0prqhwdu| vrxufhv ri yrodwlolw| vxfk dv jryhuqphqw vshqglqj ru surgxfwlylw|

vkrfnv1

7Wkh sursruwlrqqdolw| ehwzhhq wkh uhdo h{fkdqjh udwh dqg uhodwlyh frqvxpswlrq uh hfwv rxu dvvxpswlrq

ri d xqlw hodvwlflw| ri vxevwlwxwlrq ehwzhhq jrrgv surgxfhg lq gl�huhqw frxqwulhv1
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Dv zh frqvlghu wkdw 4 : �/ +47, dqg +48, vkrz wkdw wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw

pdunhwv uhgxfhv wkh vhqvlwlylw| ri uhodwlyh frqvxpswlrq wr wkh uhdo h{fkdqjh udwh1 Frqyhuvho|/

wkh uhdo h{fkdqjh udwh lv pruh yrodwloh iru d jlyhq yrodwlolw| ri uhodwlyh frqvxpswlrq zkhq

lqwhuqdwlrqdo dvvhw pdunhwv duh frpsohwh1

6 Wkh lpsdfw ri prqhwdu| yrodwlolw|

Kdylqj suhvhqwhg wkh phfkdqlvpv ri wkh prgho/ zh qrz wxuq wr wkh dqdo|vlv ri yrodwlo0

lw|1 Iroorzlqj hduolhu frqwulexwlrqv +Ghyhuhx{ dqg Hqjho +5333,/ Ghyhuhx{/ Hqjho dqg Wlooh

+4<<<,, zh irfxv rq vkrfnv lq wkh prqh| pdunhw htxloleulxp +9, dqg +;,1 Pruh vshfl�fdoo|

zh dvvxph wkdw qrplqdo edodqfhv iroorz d orj qrupdo glvwulexwlrq=

6�| ' .|3�6�| n 0�| / 62| ' .|3�62| n 02|������
0�|

02|

������ # �

3
C
������
f

f

������ /
������
j2

�
f

f j2

2

������
4
D +49,

zkhuh orzhu fdvhv ghqrwh orjdulwkpv1 Zlwkrxw orvv ri jhqhudolw| zh dvvxph wkdw prqhwdu|

vkrfnv duh xqfruuhodwhg dfurvv frxqwulhv1 Wkh vkrfnv wr wkh prqh| pdunhw htxloleulxp

fdq eh lqwhusuhwhg dv vkrfnv wr hlwkhu wkh prqh| vxsso| ru wkh prqh| ghpdqg1 Wkh| eulqj

xqfhuwdlqw| lq wkh dprxqw ri uhdo edodqfhv uhtxluhg wr �qdqfh d jlyhq ghjuhh ri frqvxpswlrq1

D kljk yrodwlolw| fdq wkhq eh lqwhusuhwhg dv d vlwxdwlrq zkhuh �qdqfldo lqwhuphgldulhv duh

qrw vwdeoh dqg lw lv srvvleoh wkdw d odujh dprxqw ri uhdo edodqfhv eh uhtxluhg wr �qdqfh d

jlyhq frqvxpswlrq1

Zlwkrxw orvv ri jhqhudolw|/ zh dvvxph wkdw wkh prqh| pdunhw lv ohvv yrodwloh lq frxqwu|

2 wkdq lq frxqwu| �= j2

�
: j2

2
1 Frxqwu| � fdq eh lqwhusuhwhg dv dq hphujlqj pdunhw zlwk

yrodwloh �qdqfldo lqvwlwxwlrqv/ zkhuhdv frxqwu| 2 uhsuhvhqwv dq lqgxvwuldol}hg frxqwu| zkhuh

�qdqfldo pdunhwv duh pruh vwdeoh1

Erwk wkh frps dqg wkh edo prghov duh fkdudfwhul}hg e| wkh devhqfh ri dq| olqndjh

ehwzhhq shulrgv wkurxjk furvv0frxqwu| zhdowk h�hfwv1 Lq wkh edo prgho furvv0frxqwu| dvvhwv

duh qrq0h{lvwhqw dqg krxvhkrogv fdqqrw vdyh dq| iudfwlrq ri wkhlu lqfrph lq wkh irup ri

fodlpv rq krxvhkrogv lq rwkhu frxqwulhv1 Wkh vlwxdwlrq lv vlplodu lq wkh frps prgho zkhuh
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dq| xqh{shfwhg lqfuhdvh lq lqfrph lv lpphgldwho| wudqvihuuhg wr wkh rwkhu frxqwu| wkurxjk

wkh lqvxudqfh pdunhw1 Dv wkh hqwluh lpsdfw ri d vkrfn rffxuv lq rqh shulrg lq erwk prghov/

zh fdq irfxv rxu dqdo|vlv hqwluho| rq rqh shulrg |1 Zh frqvlghu krz vkrfnv lq shulrg | d�hfw

wkh h{0srvw uhdol}dwlrq ri wkh yduldeohv lq shulrg |/ dorqj zlwk wkh lpsdfw rq wkh h{shfwdwlrqv

iurp wkh srlqw ri ylhz ri shulrg |� � zkhq �upv fkrrvh wkhlu sulfhv1

614 Yrodwlolw| ri frqvxpswlrq dqg wkh h{fkdqjh udwh

Wkh yrodwlolw| ri frqvxpswlrq fdq eh frpsxwhg iurp wkh prqh| pdunhw htxloleulxp

uhodwlrqv +9, dqg +;, zklfk fdq eh h{suhvvhg lq orjdulwkpv dv=

6�| � R�| ' *?

�
�
�

�� _�

�
n 4S�| / 62| � R2| ' *?

�
�
2

�� _2

�
n 4S2|

Dv doo sulfhv duh suhvhw lq wkh frqvxphu*v fxuuhqf|/ R�| dqg R2| duh qrw d�hfwhg e| wkh vkrfnv/

dqg wkh yduldqfh ri wkh orjdulwkpv ri frqvxpswlrq iroorzv iurp +49,=

j2 ES�|� ' 432j2

�
: j2 ES2|� ' 432j2

2

zkhuh j2 ES�|� lv wkh yduldqfh ri wkh orjdulwkp ri frqvxpswlrq lq frxqwu| �1 Wkh yrodwlolw| ri

frqvxpswlrq gluhfwo| uh hfwv wkh yrodwlolw| ri wkh grphvwlf prqh| pdunhw dqg lv kljkhu lq

wkh hphujlqj pdunhw +frxqwu| �,1 Wkh ghjuhh ri lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv

grhv qrw d�hfw wkh prqh| pdunhw htxloleulxp +9, dqg +;,1 Wkh yduldqfh ri frqvxpswlrq lv

wkhuhiruh wkh vdph lq wkh frps dqg wkh edo prghov1

Wkh yrodwlolw| ri wkh h{fkdqjh udwh fdq hdvlo| eh frpsxwhg iurp +47, dqg +48, dv iroorzv=

j2 Er|�edo ' T @o ES�| � S2|� ' 432
�
j2

�
n j2

2

�
j2 Er|�frps ' T @o E4 ES�| � S2|�� '

�
j2

�
n j2

2

�
, j2 Er|�frps : j2 Er|�edo +4:,

zkhuh j2 Er|� lv wkh yduldqfh ri wkh orjdulwkp ri wkh h{fkdqjh udwh1 Dv 4 : � wkh h{fkdqjh

udwh lv pruh yrodwloh lq wkh frps prgho1 Wklv rffxuv ehfdxvh wkh yrodwlolw| ri frqvxpswlrq

lv wkh vdph zkhwkhu lqwhuqdwlrqdo dvvhw pdunhwv duh frpsohwh ru qrq h{lvwhqw1 Wkh h{fkdqjh

udwh lv wkhq pruh yrodwloh lq wkh frps ehfdxvh lw lv pruh vhqvlwlyh wr uhodwlyh frqvxpswlrq/
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dv vkrzq e| +47,0+48,1 Wkh dpsolwxgh ri wkh fr0pryhphqwv ehwzhhq wkh h{fkdqjh udwh dqg

frqvxpswlrq lv dovr odujhu=

j Er|c S�|�frps ' 4
�
j2 ES�|�� j ES�|c S2|�

�
' 4j Er|c S�|�edo +4;,

j Er|c S2|�frps ' 4
�
j ES�|c S2|�� j2 ES2|�

�
' 4j Er|c S2|�edo

615 H{0dqwh sulfhv dqg h{shfwhg ohyhov

Dv vwuhvvhg lq Ghyhuhx{ dqg Hqjho +4<<;,/ wkh lpsdfw ri yrodwlolw| lv qrw olplwhg wr wkh

vhfrqg prphqwv ri wkh yduldeohv1 Lw dovr d�hfwv wkh h{0dqwh sulfh vhwwlqj/ zklfk lq wxuqv kdv

dq lpsdfw rq wkh h{shfwhg ohyhov ri frqvxpswlrq dqg h�ruw1 Wkh ghwdlohg dqdo|vlv ri wkh

lpsdfw wkurxjk sulfhv dqg h{shfwhg ohyhov lv suhvhqwhg lq wkh Dsshqgl{/ dqg zh irfxv rq

wkh pdlq uhvxowv dqg wkh xqghuo|lqj lqwxlwlrq iru vlpsolflw|1

61514 Rswlpdo sulfhv

Lq wkh frps prgho/ doo sulfhv fkdujhg lq d jlyhq frxqwu| duh lghqwlfdo=

���|frps ' ��2|frps ' ��|frps

b#

b� �

.|3���|frps

.|3��
�34

�|frps

�2�|frps ' �22|frps ' �2|frps

b#

b� �

.|3��2|frps

.|3��
�34

2|frps

Lq wkh edo prgho/ wkh sulfh ri grphvwlfdoo| surgxfhg jrrgv dqg lpsruwv lv krzhyhu gl�huhqw/

dqg zh zulwh=

���|edo ' ��|edo

b#

b� �

.|3���|edo

.|3��
�34

�|edo

/ �2�|edo ' �2|edo

b#

b� �

.|3��2|edo

.|3��
�34

�|edo

��2|edo ' ��|edo

b#

b� �

.|3���|edo

.|3��
�34

2|edo

/ �22|edo ' �2|edo

b#

b� �

.|3��2|edo

.|3��
�34

2|edo

Wkh irup ri wkh sulfhv iru grphvwlf jrrgv/ ���| dqg �22|/ lv wkh vdph lq erwk prghov1 Wkh

h{suhvvlrqv iru wkh sulfhv ri lpsruwhg jrrgv/ ��2| dqg �2�|/ duh krzhyhu gl�huhqw1 Wklv vkrzv

wkdw wkh gluhfw lpsdfw ri wkh ghjuhh ri dvvhw pdunhwv lqwhjudwlrq lv rq wkh sulfh ri lpsruwhg

jrrgv1 Lqwxlwlyho|/ wklv uh hfwv wkh fkdqjhv lq wkh fr0pryhphqwv ri wkh h{fkdqjh udwh dqg

frqvxpswlrqv1
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Wr looxvwudwh wkh lqwxlwlrq ehklqg wklv phfkdqlvp lq d vlpsoh zd|/ zh irfxv rq wkh fdvh

zkhuh wkhuh lv qr yrodwlolw| lq frxqwu| 2= j2

2
' f1 Sulfhv duh vhw wr htxdwh wkh pdujlqdo

uhyhqxh +xqlw uhyhqxh { ghpdqg { glvfrxqw, dqg d pdunxs ryhu wkh pdujlqdo frvw +xqlw frvw

{ ghpdqg { glvfrxqw,1 Iurp +44,/ wkh sulfh ri lpsruwv iurp frxqwu| 2 lqwr frxqwu| � lv

zulwwhq dv=

��2|.|3�

�
�

7|

� ��| � �
34

2|

�
'

b

b� �
.|3�

�
`2| � ��| � �

34

2|

�
Wkh sulfh lv vhw vr wkdw wkh h{shfwhg pdujlqdo uhyhqxh/ fdswxuhg e| ��2|.|3�7

3�

| / lv d pdunxs

ryhu wkh h{shfwhg pdujlqdo frvw/ .|3�`2|1 Erwk wkh h{shfwhg uhyhqxh dqg wkh h{shfwhg frvw

duh dgmxvwhg e| wkh vwuhqjwk ri ghpdqg lq wkh pdunhw/ fdswxuhg e| ��|/ dqg wkh pdujlqdo

xwlolw| ri lqfrph iru wkh �up rzqhu/ fdswxuhg e| �
34

2| 1

Wkh rswlpdo sulfh h{suhvvlrq fdq eh uhzulwwhq lq orjdulwkpv/ vr wkh dqdo|vlv lv qrw vhq0

vlwlyh wr whupv uh hfwlqj Mhqvhq*v lqhtxdolw|18 Zh xvh wkh surshuw| ri wkh orj0qrupdo glvwul0

exwlrq/9 dqg uhfdoo wkdw wkhuh lv qr yrodwlolw| lq frxqwu| 2/ wr zulwh=

R�2| 2 �
�

2
j2 Er|� n j Er|c S�|�

zkhuh 2 ghqrwhv d uhodwlrq ri sursruwlrqdolw|1

Wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv/ wkdw lv d pryh iurp wkh edo prgho wr wkh

frps prgho/ kdv wzr rssrvlwh gluhfw h�hfwv rq R�2|1 Iluvw/ wkh lqfuhdvh lq wkh h{fkdqjh udwh

yrodwlolw| +4:, whqgv wr uhgxfh wkh sulfh1 Lqwxlwlyho| wklv uh hfwv wkh frqyh{lw| ri wkh pdujlqdo

h{shfwhg uhyhqxh/ ��2|.|3�7
3�

| / zlwk uhvshfw wr wkh orjdulwkp h{fkdqjh udwh1 Ehfdxvh ri wklv

frqyh{lw| wkh kljkhu yrodwlolw| ri wkh h{fkdqjh udwh lqfuhdvhv wkh h{shfwhg uhyhqxh/ ohdglqj

wkh �up wr orzhu lwv sulfh wr nhhs wkh pdujlqdo uhyhqxh lq olqh zlwk wkh pdujlqdo frvw1

8Iru lqvwdqfh wkh dqdo|vlv lv qrw d�hfwhg e| wkh gh�qlwlrq ri wkh h{fkdqjh udwh1 Gh�qlqj ]w @ V�4
w

/ zh

fdq vhh wkdw=

}w @ �vw , Hw�4}w @ �Hw�4vw

Hw�4]w @ Hw�4

�
4

Vw

�
9@

4

Hw�4Vw

Dq dqdo|vlv lq orjdulwkpv lv wkh vdph zkhwkhu zh frqvlghu }w ru vw/ exw dq dqdo|vlv lq ohyhov zrxog eh d�hfwhg1

9Qdpho|= li { @ oq[ # Q
�
�> �5

�
wkhq H[d

@ h{s
�
d�.

4

5
d
5
�
5
�
1
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Vhfrqg/ wkh kljkhu fryduldqfh ehwzhhq wkh h{fkdqjh udwh dqg wkh vwuhqjwk ri ghpdqg

j Er|c S�|� whqgv wr uhgxfh wkh sulfh1 Dv vkrzq e| +4;, wklv fryduldqfh lv srvlwlyh1 Dq

dssuhfldwlrq ri frxqwu| � fxuuhqf| +d orz ydoxh ri 73�
|
, uhgxfhv wkh uhyhqxh rq hdfk xqlw

vrog lq frxqwu| �/ h{suhvvhg lq whupv ri frxqwu| 2 fxuuhqf|1 Dv j Er|c S�|� : f wklv rffxuv

suhflvho| zkhq ghpdqg lv vwurqj +��| lv kljk,1 Dv vwdwhv ri vwurqj ghpdqg duh suhflvho| wkh

vwdwhv wkdw wkh �up rzqhu fduhv pruh derxw/ vkh vhwv d kljkhu h{ dqwh sulfh wr sduwldoo| r�vhw

wkh uhgxfhg uhyhqxh lq vxfk vwdwhv1 E| lqfuhdvlqj wkh pdjqlwxghv ri wkh fryduldqfh ehwzhhq

wkh h{fkdqjh udwh dqg wkh vwuhqjwk ri ghpdqg/ wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv

uhlqirufhv wklv fkdqqho1

Zh fdq vkrz wkdw wkh lpsdfw wkurxjk wkh h{fkdqjh udwh yrodwlolw| lv vwurqjhu wkdq wkh

h�hfw rq wkh fryduldqfh ehwzhhq wkh h{fkdqjh udwh dqg ghpdqg/ vr wkdw wkh gluhfw lpsdfw

ri wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv lv wr orzhu wkh sulfh=

�
�

2

k
j2 Er|�frps � j2 Er|�edo

l
n
k
j Er|c S�|�frps � j Er|c S�|�edo

l
' �

E4� ��2

2
j2 ES�|� 	 f

Zh fdq xqghuwdnh d vlplodu dqdo|vlv iru wkh sulfh ri lpsruwv iurp frxqwu| � wr frxqwu|

21 Iurp +43, zh zulwh=

�2�|.|3�

�
7| � �2| � �

34

�|

�
'

b

b� �
.|3�

�
`�| � �2| � �

34

�|

�
�2�|.|3�7| uh hfwv wkh pdujlqdo uhyhqxh/ dqg.|3�`�| lv wkh pdujlqdo frvw1 Erwk duh dgmxvwhg

e| wkh vwuhqjwk ri ghpdqg lq wkh pdunhw/ fdswxuhg e| �2|/ dqg wkh pdujlqdo xwlolw| ri lqfrph

iru wkh �up*v rzqhu/ fdswxuhg e| �
34

�| 1 Zh fdq h{suhvv wklv uhodwlrq lq orjdulwkpv dv=

R2�| 2 �
�

2
j2 Er|� n 4j Er|c S�|�

Wkh lqwhjudwlrq ri dvvhw pdunhwv djdlq kdv wzr rssrvlwh gluhfw lpsdfwv rq R2�|1 Iluvw/

wkh lqfuhdvh lq wkh h{fkdqjh udwh yrodwlolw| whqgv wr uhgxfh wkh sulfh1 Dv ehiruh wklv uh hfwv

wkh frqyh{lw| ri wkh pdujlqdo h{shfwhg uhyhqxh/ �2�|.|3�7|/ zlwk uhvshfw wr wkh orjdulwkp ri

wkh h{fkdqjh udwh1 Wkh kljkhu yrodwlolw| ri wkh h{fkdqjh udwh lqfuhdvhv wkh h{shfwhg uhyhqxh/

ohdglqj wkh �up wr orzhu lwv sulfh1
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Vhfrqg/ wkh kljkhu fryduldqfh ehwzhhq wkh h{fkdqjh udwh dqg frqvxpswlrq lq frxqwu|

�/ j Er|c S�|� whqgv wr uhgxfh wkh sulfh1 Wklv lpsdfw qrz uh hfwv wkh fr0pryhphqwv ri wkh

h{fkdqjh udwh dqg wkh pdujlqdo xwlolw| ri lqfrph iru wkh �up rzqhu/ �34

�| 1 D ghsuhfldwlrq ri

frxqwu| � fxuuhqf| +d orz ydoxh ri 7|, uhgxfhv wkh uhyhqxh iurp hdfk xqlw vrog lq frxqwu| 2/

h{suhvvhg lq frxqwu| � fxuuhqf|1 Dv j Er|c S�|� : f/ wklv kdsshqv suhflvho| zkhq wkh pdujlqdo

xwlolw| ri lqfrph iru wkh �up rzqhu lv kljk +�34

�| lv kljk,1 Dv wkh �up rzqhu fduhv pruh

derxw vwdwhv zkhuh khu pdujlqdo xwlolw| lv kljk/ vkh vhwv d kljkhu sulfh h{ dqwh wr r�vhw wkh

uhgxfwlrq ri uhyhqxh lq wkhvh vwdwhv1 E| lqfuhdvlqj wkh pdjqlwxgh ri j Er|c S�|�/ wkh lqwhjudwlrq

ri lqwhuqdwlrqdo dvvhw pdunhwv pdjql�hv wklv fkdqqho1

Zh fdq vkrz wkdw wkh lpsdfw wkurxjk wkh h{fkdqjh udwh yrodwlolw| lv wkh zhdnhvw ri wkh

wzr h�hfwv dqg wkh gluhfw lpsdfw ri wkh lqwhjudwlrq ri dvvhw pdunhwv lv wr lqfuhdvh wkh sulfh=

�
�

2

k
j2 Er|�frps � j2 Er|�edo

l
n 4

k
j Er|c S�|�frps � j Er|c S�|�edo

l
'

E4� ��2

2
j2 ES�|� : f

Wkh gluhfw lpsdfw ri wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv rq sulfhv lv wkhuhiruh

d uhgxfwlrq ri lpsruw sulfhv lq wkh frxqwu| zlwk kljk yrodwlolw| +frxqwu| �,/ dqg dq lqfuhdvh

lq lpsruw sulfhv lq wkh frxqwu| zlwk orz yrodwlolw| +frxqwu| 2,1 Jrrgv surgxfhg lq frxqwu|

2 duh pruh frpshwlwlyh lq erwk pdunhwv/ ohdglqj doo frqvxphuv wr vzlwfk wkhlu frqvxpswlrq

wrzdugv wkhvh jrrgv1 Wklv lqfuhdvhv wkh h{shfwhg rxwsxw ri �upv lq frxqwu| 21 Wkh fkdqjh

lq lpsruw sulfhv krzhyhu dovr ohdgv wr d kljkhu frqvxphu sulfh lqgh{ lq frxqwu| 2/ wkhuhe|

orzhulqj wkh sxufkdvlqj srzhu ri frxqwu| 2 krxvhkrogv1

Rxu dqdo|vlv vr idu kdv rqo| irfxvhg rq wkh gluhfw lpsdfw wkurxjk wkh h{fkdqjh udwh

yrodwlolw| dqg wkh fr0pryhphqwv ehwzhhq wkh h{fkdqjh udwh dqg frqvxpswlrqv1 Zh qrz

exlog rq wklv �uvw vwhs e| ghulylqj wkh vroxwlrq ri wkh prgho iru wkh h{shfwhg ydoxhv ri

frqvxpswlrq dqg rxwsxw1

61515 H{shfwhg frqvxpswlrqv

Iurp wkh h{suhvvlrqv iru wkh rswlpdo sulfhv/ zh fdq ghulyh wkh vroxwlrq iru h{shfwhg

frqvxpswlrq1 Wkh Dsshqgl{ suhvhqwv wkh ghwdlohg vwhsv/ dqg zh irfxv rq wkh �qdo uhvxowv1
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Wdeoh � suhvhqwv wkh h{shfwhg frqvxpswlrq lq erwk frxqwulhv dqg erwk prghov1 H{shfwhg

frqvxpswlrq lv kljkhu lq wkh kljk yrodwlolw| frxqwu| +frxqwu| �, wkdq lq wkh orz yrodwlolw|

frxqwu| lq wkh frps prgho1 Lq wkh edo prgho/ h{shfwhg frqvxpswlrq lv wkh vdph lq erwk

frxqwulhv=

.|3���|frps : .|3���|edo ' .|3��2|edo : .|3��2|frps +4<,

Wkh lqwhjudwlrq ri dvvhw pdunhwv ulvhv lqfuhdvhv frqvxpswlrq lq wkh kljk yrodwlolw| frxqwu|

dqg orzhuv lw lq wkh rwkhu frxqwu|1 Dv srlqwhg lq Ghyhuhx{0Hqjho0Wlooh +4<<<, frqvxpswlrq

lv dq lqgh{ ri frqvxpswlrq ri jrrgv iurp erwk frxqwulhv1 Dq lqfuhdvh lq wkh h{shfwhg frq0

vxpswlrq lqgh{ fdq wkhq uh hfw dq lqfuhdvh lq wkh h{shfwhg frqvxpswlrq ri hdfk jrrg/ ru d

ghfuhdvh lq wkh yduldqfh ri uhodwlyh frqvxpswlrq ehwzhhq jrrgv surgxfhg lq gl�huhqw frxq0

wulhv +uh hfwlqj fkdqjhv lq uhodwlyh sulfhv,1 Dv doo frqvxphu sulfhv duh suhvhw/ h{fkdqjh udwh

 xfwxdwlrqv gr qr d�hfw wkh uhodwlyh sulfh ri jrrgv dqg frqvxpswlrq fkdqjhv duh hyhqo|

vkduhg dfurvv jrrgv surgxfhg lq gl�huhqw frxqwulhv1 Wkh fkdqjhv lq wkh h{shfwhg frq0

vxpswlrq lqgh{ khqfh gr qrw uh hfw fkdqjhv lq wkh yrodwlolw| ri frqvxpswlrq ri jrrgv iurp

frxqwu| � uhodwlyh wr wkh frqvxpswlrq ri jrrgv iurp frxqwu| 2/ exw fkdqjhv lq h{shfwhg

frqvxpswlrqv1 Lq rwkhu zrugv/ wkh fkdqjhv lq wkh h{shfwhg frqvxpswlrq lqgh{ kdv wkh lqwx0

lwlyh lqwhusuhwdwlrq ri d fkdqjh lq h{shfwhg frqvxpswlrq/ lqvwhdg ri uh hfwlqj wkh sduwlfxodu

ihdwxuhv ri wkh lqgh{1

Zh fdq dovr ghulyh wkh h{shfwhg frqvxpswlrq ri grphvwlf dqg lpsruwhg jrrgv lq hdfk

prgho1 Dv vkrzq lq wkh Dsshqgl{/ zh �uvw ghulyh wkh h{shfwhg srzhu frqvxpswlrq/ gh�qhg

dv .|3��
�34

�| / ohdglqj wr wkh uhvxowv lq wdeoh 2 dqg wkh iroorzlqj udqnlqj=

.|3��
�34

�|edo : .|3��
�34
�|frps : .|3��

�34
2|frps : .|3��

�34

2|edo
+53,

Zh wkhq ghulyh wkh h{shfwhg frqvxpswlrq ri grphvwlf dqg lpsruwhg jrrgv lq frxqwu| �/

suhvhqwhg lq wdeoh �1 Iurp wkh udqnlqj +53, zh vhh wkdw lq frxqwu| � wkh h{shfwhg frqvxps0

wlrq ri grphvwlf jrrgv lv uhgxfhg e| wkh lqwhjudwlrq ri dvvhwv pdunhwv/ zkhuhdv wkh h{shfwhg

frqvxpswlrq ri lpsruwv lqfuhdvhv1 Zh fdq ghulyh wkh fruuhvsrqglqj uhvxowv iru frxqwu| 2/ dv

vkrzq lq wdeoh e1 Krxvhkrogv lq frxqwu| 2 lqfuhdvh wkhlu h{shfwhg frqvxpswlrq ri grphvwlf

jrrgv dqg uhgxfh wkhlu frqvxpswlrq ri lpsruwv1 Qrwh wkdw wkh lqfuhdvh lq wkh h{shfwhg
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frqvxpswlrq ri jrrgv surgxfhg lq frxqwu| 2 lv vwurqjhu iru wkh krxvhkrogv olylqj lq frxqwu|

�=
.|3���2|frps

.|3���2|edo

'
.|3��

�34
�|frps

.|3��
�34

2|edo

:
.|3��

�34
2|frps

.|3��
�34

2|edo

'
.|3��22|frps

.|3��22|edo

: �

Vlploduo|/ wkh uhgxfwlrq lq wkh h{shfwhg frqvxpswlrq ri jrrgv surgxfhg lq frxqwu| � lv

vwurqjhu iru wkh krxvhkrogv ri frxqwu| 2=

.|3��2�|frps

.|3��2�|edo

'
.|3��

�34
2|frps

.|3��
�34

�|edo

	
.|3��

�34
�|frps

.|3��
�34

�|edo

'
.|3����|frps

.|3����|edo

	 �

61516 H{shfwhg h�ruw

Wkh h{shfwhg rxwsxw/ dqg h�ruw/ iru hdfk krxvhkrog lv frpsxwhg iurp +46, dqg wkh

rswlpdo sulfhv/ dv vkrzq lq wkh Dsshqgl{1 Wkh uhvxowv duh jlyhq lq wdeoh D1 Xvlqj wkh udqnlqj

+53, zh vkrz wkdw wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv jhqhudwhv d uhgxfwlrq lq wkh

rxwsxw ri frxqwu| �1 Wklv rffxuv ehfdxvh doo krxvhkrogv vkliw wkhlu frqvxpswlrq wrzdugv wkh

jrrgv surgxfhg lq frxqwu| 2 dv wkh| duh qrz fkhdshu1 Vlploduo|/ wkh rxwsxw ri frxqwu| 2

lqfuhdvhv wr phhw wkh dgglwlrqdo ghpdqg iurp doo krxvhkrogv1

.|3�t�|edo : .|3�t�|frps ' .|3�t2|frps : .|3�t2|edo +54,

Wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv jhqhudwhv dq rxwsxw errp lq wkh orz yrodwlolw|

frxqwu| dqg d frqwudfwlrq lq wkh kljk yrodwlolw| frxqwu|1 Lq erwk frxqwulhv wkh fkdqjh lq

rxwsxw lv ohg e| h{sruwv1

61517 H{shfwhg sur�wv

Kdylqj frpsxwhg wkh h{shfwhg rxwsxw/ lw lv lqwhuhvwlqj wr frpsxwh wkh h{shfwhg sur�wv

iru hdfk �up1 Dv �upv xvh d olqhdu whfkqrorj| zh vhsdudwh hdfk �up ehwzhhq d grphvwlf

�up/ surgxflqj iru grphvwlf vdohv/ dqg dq h{sruw �up iru fodulw|1 Zh phdvxuh wkh h{shfwhg

ydoxh ri sur�wv iru wkh �up rzqhu/ wkdw lv wkh h{shfwdwlrq ri vdohv qhw ri zdjhv/ dgmxvwhg iru

wkh pdujlqdo xwlolw| ri uhyhqxh1 Iru frpsdudelolw| sur�wv duh vfdohg e| wkh vl}h ri wkh pdunhw

lq zklfk wkh �up vhoov lwv jrrgv1 .|3����| ghqrwhv wkh h{shfwhg sur�w iru d �up surgxflqj

lq frxqwu| � iru vdohv lq frxqwu| �1 Iru lqvwdqfh/ wkh h{shfwhg sur�wv ri d grphvwlf �up lq
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frxqwu| � duh=

.|3����| '
�

?
?.|3��

34

�|

�

��|

E���| �`�|�
��|��|

���|

Vlploduo|/ wkh h{shfwhg sur�wv ri dq h{sruw �up lq frxqwu| � duh=

.|3��2�| '
�

�� ?
E�� ?�.|3��

34

�|

�

��|

E7|�2�| �`�|�
�2|�2|

�2�|

Wkh uhvxowv iru �upv orfdwhg lq frxqwu| � duh jlyhq lq wdeoh S/ dqg zh fdq vkrz wkdw=

.|3����|edo ' .|3��2�|edo : .|3����|frps : .|3��2�|frps +55,

Wkh lqwhjudwlrq ri lqwhuqdwlrqdo pdunhwv uhgxfhv h{shfwhg sur�wv lq wkh kljk yrodwlolw| frxq0

wu|/ hvshfldoo| iru h{sruw �upv1 Zh fdq xqghuwdnh vlplodu vwhsv iru �upv surgxflqj lq frxqwu|

21 Wkh uhvxowv duh jlyhq lq wdeoh . dqg duh udqnhg dv iroorzv=

.|3���2|frps : .|3��22|frps : .|3��22|edo ' .|3���2|edo +56,

Wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv errvwv wkh sur�wv ri �upv rshudwlqj lq frxqwu|

2/ hvshfldoo| iru h{sruw �upv1

616 Vxppdu| ri wkh srvlwlyh �qglqjv

Ehiruh surfhhglqj wr wkh zhoiduh dqdo|vlv/ zh uhylhz wkh srvlwlyh lpsolfdwlrqv ri wkh

prgho1 Wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv/ l1h1 d vzlwfk iurp wkh edo wr wkh

frps prgho/ lqfuhdvhv wkh yrodwlolw| ri wkh h{fkdqjh udwh dv zhoo dv wkh pdjqlwxgh ri wkh

fr0pryhphqwv ehwzhhq wkh h{fkdqjh udwh dqg frqvxpswlrqv1 Wklv lpsdfw rq wkh vhfrqg

prphqwv lv wdnhq lqwr dffrxqw e| h{sruwlqj �upv lq wkhlu sulfh vhwwlqj ghflvlrqv1 Wkh kljkhu

yrodwlolw| ri wkh h{fkdqjh udwh ohdgv �upv wr orzhu wkhlu sulfhv dv wkhlu uhyhqxh lv frqyh{

zlwk uhvshfw wr wkh h{fkdqjh udwh1 Wklv lv wkh grplqdqw irufh iru �upv lq frxqwu| 2 zklfk

uhgxfh wkh sulfh wkh| fkdujh iru vdohv lq frxqwu| �1 Iru frxqwu| � �upv krzhyhu/ wkh kljkhu

h{fkdqjh udwh yrodwlolw| lv pruh wkdq r�vhw e| wkh idfw wkdw uhyhqxhv duh orz suhflvho| lq wkh

vwdwhv �upv rzqhuv fduh pruh derxw1 Wklv ohdgv wkhp wr lqfuhdvh wkh sulfhv wkh| fkdujh lq

frxqwu| 21
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Wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv wkhuhiruh lqfuhdvhv wkh sulfh ri h{sruwv

iurp frxqwu| �/ zkloh uhgxflqj wkh sulfh ri h{sruwv iurp frxqwu| 21 Jrrgv surgxfhg lq

frxqwu| 2 duh wkhq pruh frpshwlwlyh dqg doo frqvxphuv zruogzlgh vzlwfk wrzdugv wkhp1

Wklv frqvxpswlrq vzlwfklqj errvwv rxwsxw dqg h{shfwhg sur�wv lq frxqwu| 2/ hvshfldoo| iru

wkh h{sruw �upv1 Wkh rssrvlwh rffxuv lq frxqwu| �1

Wkh h{sruw ohg jurzwk lq frxqwu| 2 lv krzhyhu r�vhw e| d ghwhulrudwlrq ri lwv whupv ri

wudgh/ dv vkrzq lq wkh Dsshqgl{1 Wkh sulfh ri lpsruwhg jrrgv lv kljkhu lq frxqwu| 2/ zkloh

wkh sulfh ri grphvwlf jrrgv uhpdlqv xqfkdqjhg1 Wkh sxufkdvlqj srzhu ri frqvxphuv lq

frxqwu| 2 lv uhgxfhg/ ohdglqj wr d orzhulqj ri h{shfwhg frqvxpswlrq1 Wkh rssrvlwh rffxuv

lq frxqwu| � zkhuh h{shfwhg frqvxpswlrq lv kljkhu wkdqnv wr wkh lpsuryhphqw ri wkh whupv

ri wudgh1

7 Zhoiduh uhvxowv

Krz grhv wkh lqwhjudwlrq ri zruog pdunhwv d�hfw wkh zhoiduh lq hdfk frxqwu|B Zh duh

lqwhuhvwhg lq wkh zhoiduh h�hfw h{0dqwh/ lqvwhdg ri wkh frqvhtxhqfhv ri d sduwlfxodu vkrfn1

Wkh zhoiduh phwulf zh fkrrvh lv wkh h{shfwdwlrq ri wkh uhsuhvhqwdwlyh krxvhkrog*v xwlolw| +4,1

Dv wkh lpsdfw ri vkrfnv lv olplwhg wr rqh shulrg/ zh hydoxdwh wkh iroorzlqj phdvxuh ri zhoiduh

iru hdfk frxqwu| �=

.|3�L�| '
.|3��

�34

�|

�� 4
� #.|3�t�|

zkhuh zh xvhg u�| ' t�|1 Iroorzlqj hduolhu frqwulexwlrqv lq wkh olwhudwxuh +Ghyhuhx{ dqg

Hqjho +5333,/ Revwihog dqg Urjr� +5333,,/ zh irfxv rq wkh lpsdfw wkurxjk frqvxpswlrq

dqg h�ruw dqg devwudfw iurp wkh lpsdfw wkurxjk uhdo edodqfhv e| frqvlghulqj wkdw �� lv d

vpdoo qxpehu1:

Wkh zhoiduh lpsdfw ri lqwhjudwlqj lqwhuqdwlrqdo dvvhw pdunhwv fdq hdvlo| eh hvwdeolvkhg

:Rxu uhvxowv duh uhlqirufhg li zh wdnh wkh zhoiduh lpsdfw ri uhdo edodqfhv lqwr dffrxqw1 Wkh rqo| lpsdfw

ri dvvhw pdunhwv lqwhjudwlrq rq "
l
Hw�4 oq

�
PlwS

�4

lw

�
rffxuv wkurxjk frqvxphu sulfhv1 Dv sulfhv duh uhgxfhg

lq wkh kljk yrodwlolw| frxqwu|/ wkh gluhfw lpsdfw ri uhdo edodqfhv lv ehqh�fldo1 Wkh rssrvlwh rffxuv lq wkh orz

yrodwlolw| frxqwu|1
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iurp rxu udqnlqjv ri frqvxpswlrq +53, dqg h�ruw +54,1 Uhfdoolqj wkdw 4 : �/ zh ghulyh=

.|3�L�|edo 	 .|3�L�|frps 	 .|3�L2|frps 	 .|3�L2|edo +57,

Wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv xqdpeljxrxvo| ehqh�wv wkh kljk yrodwlolw|

frxqwu| +frxqwu| �,/ dw wkh h{shqvh ri wkh orz yrodwlolw| frxqwu| +frxqwu| 2,1 Lw lqfuhdvhv

wkh sxufkdvlqj srzhu ri krxvhkrogv lq wkh kljk yrodwlolw| frxqwu| wkurxjk d uhgxfwlrq ri

lpsruw sulfhv1 E| frqwudvw krxvhkrogv lq wkh orz yrodwlolw| frxqwu| h{shulhqfh d uhgxfwlrq

ri wkhlu sxufkdvlqj srzhu1 Wkh lpsdfw wkurxjk frqvxpswlrq lv uhlqirufhg e| fkdqjhv lq

h{shfwhg h�ruwv1 Dv zruogzlgh ghpdqgv vkliwv wrzdugv jrrgv surgxfhg lq wkh orz yrodwlolw|

frxqwu|/ krxvhkrogv wkhuh kdyh wr zrun pruh1 E| frqwudvw/ krxvhkrogv lq wkh kljk yrodwlolw|

frxqwu| hqmr| pruh ohlvxuh1 +57, dovr vkrzv wkdw wkh orz yrodwlolw| frxqwu| lv dozd|v ehwwhu r�

wkdq wkh kljk yrodwlolw| frxqwu|1 Wkh lqwhjudwlrq ri dvvhw pdunhwv uhgxfhv wklv jds zlwkrxw

eulqjlqj lw wr }hur1

8 D qxphulfdo h{dpsoh

Rxu uhvxowv fdq eh looxvwudwhg e| d vlpsoh qxphulfdo h{dpsoh1 Zh vhw wkh hodvwlflw| ri

vxevwlwxwlrq dfurvv eudqgv/ b/ wr S/ lpso|lqj d vwhdg| vwdwh pdunxs ri 2fI ryhu pdujlqdo

frvw1 Wr devwudfw iurp frxqwu| vl}h h�hfw zh vhw ? wr f�D1 Wkh zhljkw ri h�ruw/ #/ lv vhw wr

�1 Zh frqvlghu wkuhh srvvleoh ydoxhv iru 4= 2/ � dqg e1 Zh dvvxph wkdw wkhuh lv qr yrodwlolw|

lq frxqwu| 2/ dqg vhw wkh vwdqgdug ghyldwlrq ri frqvxpswlrq yrodwlolw| lq frxqwu| � wr �fI=;

j2 ES�|� ' Ef���2 / j2 ES2|� ' f

Zh frqvlghu wkh lpsdfw iurp d frpsohwh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv/ l1h1 d

pryh iurp wkh edo prgho wr wkh frpsprgho1 Wkh �uvw vwhs lv wr hydoxdwh wkh lpsdfw rq wkh

yrodwlolw| ri wkh h{fkdqjh udwh/ dqg lwv fr0pryhphqwv zlwk frqvxpswlrq1 Wdeoh H lqglfdwhv wkh

vwdqgdug huuru ri wkh h{fkdqjh udwh +
s
T @o Er|�,/ dqg wkh vtxduh urrw ri lwv fryduldqfh zlwk

;Iru fodulw|/ zh fkrrvh wr krog wkh yrodwlolw| ri frqvxpswlrqv +�5 +f4w,/ �
5 +f5w,, �{hg/ lqvwhdg ri kroglqj

wkh yrodwlolw| ri prqhwdu| vkrfnv +�5
4
/ �5

5
, �{hg1
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frqvxpswlrq lq wkh kljk yrodwlolw| frxqwu| +
s
�J�@o Er|c S�|�,/ erwk h{suhvvhg dv shufhqwdjhv1

Erwk phdvxuhv duh vljql�fdqwo| lqfuhdvhg e| wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv1

Wkh fkdqjhv lq yrodwlolw| eurxjkw lq wxuq d�hfw wkh sulfh vhwwlqj e| �upv1 Wkh shufhqwdjh

fkdqjhv ri frqvxphu sulfhv duh vkrzq lq wdeoh b1 Wkh fkdqjh lq yrodwlolw| kdv qr lpsdfw iru

wkh sulfh ri grphvwlfdoo| surgxfhg jrrgv/ exw ohdgv wr d vljql�fdqw uhgxfwlrq lq wkh sulfh

ri lpsruw lq frxqwu| �/ dqg dq lqfuhdvh lq lpsruw sulfhv lq frxqwu| 21 Jrrgv surgxfhg

lq frxqwu| 2 duh pruh frpshwlwlyh lq erwk pdunhwv ohdglqj wr d frqvxpswlrq vzlwfklqj

dzd| iurp jrrgv surgxfhg lq frxqwu| �1 Krxvhkrogv lq frxqwu| � ehqh�w iurp orzhu sulfhv/

zkhuhdv wkhlu frxqwhusduwv lq frxqwu| 2 h{shulhqfh d uhgxfwlrq lq wkhlu sxufkdvlqj srzhu1

Wkh fkdqjh lq frqvxphu sulfhv d�hfw h{shfwhg frqvxpswlrq lq erwk frxqwulhv dv vkrzq

e| wdeoh �f1 Wkh kljk yrodwlolw| frxqwu| h{shulhqfhv dq ryhudoo frqvxpswlrq errp/ dv wkh

lqfuhdvh lq lpsruwv frqvxpswlrq lv vwurqjhu wkdq wkh frqwudfwlrq lq frqvxpswlrq ri grphvwlf

jrrgv1 Wkh rssrvlwh lv wuxh lq wkh orz yrodwlolw| frxqwu| zkhuh wkh kljkhu frqvxpswlrq ri

grphvwlf jrrgv lv qrw vwurqj hqrxjk wr r�vhw wkh frqwudfwlrq lq lpsruwv/ ohdglqj wr dq ryhudoo

uhgxfwlrq lq frqvxpswlrq1

Wdeoh �� suhvhqwv wkh lpsdfw rq h{shfwhg rxwsxwv dqg sur�wv1 Wkh lqfuhdvh ri wkh uhodwlyh

sulfh ri jrrgv surgxfhg lq frxqwu| � ohdgv wr d frqwudfwlrq ri rxwsxw lq frxqwu| � dqg dq

h{sdqvlrq lq frxqwu| 21 Wkh sdwwhuq ri sur�wv lv vlplodu= wkh| duh uhgxfhg iru �upv lq wkh

kljk yrodwlolw| frxqwu| dqg lqfuhdvhg iru wkhlu frxqwhusduwv lq wkh orz yrodwlolw| frxqwu|1 Wkh

fkdqjhv lq sur�wv duh vwurqjhu iru h{sruw �upv1

Zh qrz wxuq wr wkh zhoiduh h�hfwv1 Wr jlyh d vwudljkwiruzdug lqwxlwlyh lqwhusuhwdwlrq

wr rxu uhvxowv zh h{suhvv wkhp lq whupv ri htxlydohqw frqvxpswlrq fkdqjhv1 Wkhvh fkdqjhv

duh gh�qhg dv wkh shufhqwdjh fkdqjh lq h{shfwhg frqvxpswlrq iurp wkh edo prgho/ kroglqj

frqvxpswlrq yrodwlolw| dqg h{shfwhg h�ruw dw wkhlu ydoxhv lq wkh edo prgho/ wkdw ohdgv wr

wkh zhoiduh ohyho uhdfkhg lq wkh frps prgho1 Vshfl�fdoo|/ wkh htxlydohqw fkdqjh lq frxqwu|

� lv wkh fkdqjh ehwzhhq .|3���|edo dqg .|3���|htxly zkhuh .|3���|htxly lv wkh vroxwlrq ri=

.|3�L�|frps '
�

�� 4
d.|3���|htxlyo

�34 i T

�
4
4� �

2
T @o ES�|edo�

�
� #.|3�t�|edo

Wdeoh �2 suhvhqwv wkh htxlydohqw shufhqwdjh fkdqjhv lq h{shfwhg frqvxpswlrq1 Wkh lq0
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whjudwlrq ri lqwhuqdwlrqdo dvvhw kdv vkduso| gl�huhqw lpsdfw rq wkh wzr frxqwulhv1 Wkh kljk

yrodwlolw| frxqwu| h{shulhqfhv d jdlq htxlydohqw wr d f�S���D shufhqw lqfuhdvh lq h{shfwhg frq0

vxpswlrq/ zlwk wkh orz yrodwlolw| frxqwu| vx�hulqj iurp d orvv ri d voljkwo| orzhu pdjqlwxgh1

Wkhvh pdjqlwxghv duh vl}deoh/ hvshfldoo| frpsduhg wr wkh vpdoo jdlqv iurp lqwhuqdwlrqdo dv0

vhw pdunhwv lqwhjudwlrq irxqg lq vrph vwxglhv +Froh dqg Revwihog +4<<4,/ Whvdu +4<<8,, Dv

wkh jdlq iru frxqwu| � voljkwo| h{fhhgv wkh orvv iru frxqwu| 2/ wkh lqwhjudwlrq ri lqwhuqdwlrqdo

dvvhw pdunhwv lv prghudwho| ehqh�fldo rq dyhudjh1

Lqwhuhvwlqjo| prqrsrolvwlf frpshwlwlrq lv qrw wkh gulylqj irufh ehklqg wkh uhvxowv1 Doo wkh

srvlwlyh h�hfwv looxvwudwhg lq wdeohv � wr �� gr qrw ghshqg rq wkh h{dfw ydoxh ri b1 Rqo| wkh

zhoiduh h�hfwv lq wdeoh �2 duh d�hfwhg1 Wkh lpsdfw lv krzhyhu vpdoo1 Lq dgglwlrq/ d orzhu

ghjuhh ri prqrsrolvwlf frpshwlwlrq +d kljkhu b, dfwxdoo| pdjql�hv wkh zhoiduh uhvxowv1

9 H{whqvlrqv

914 Uhgxfhg yrodwlolw| wkurxjk lqwhjudwlrq

Rxu dqdo|vlv vr idu kdv irfxvhg rq wkh lpsdfw ri lqwhuqdwlrqdo dvvhw pdunhwv lqwhjudwlrq/

kroglqj wkh yrodwlolw| ri vkrfnv frqvwdqw1 Zh frxog krzhyhu dujxh wkdw wkh yrodwlolw| lv qrw

lqyduldqw zlwk uhvshfw wr wkh vwuxfwxuh ri dvvhw pdunhwv1 Iru lqvwdqfh/ wkh lqwhjudwlrq ri

lqwhuqdwlrqdo dvvhw pdunhwv fdq doorz iru wkh gl�xvlrq ri pruh h!flhqw edqnlqj dqg �qdqfldo

sudfwlfhv/ wkhuhe| vwuhqjwkhqlqj wkh �qdqfldo vhfwru lq wkh frxqwulhv zkhuh lw zdv lqlwldoo|

zhdn1

Wr dvvhvv wkh lpsdfw ri uhgxfhg yrodwlolw|/ zh frqvlghu wkdw wkh lqwhjudwlrq ri lqwhuqdwlrqdo

dvvhw pdunhwv grhv qrw d�hfw wkh yrodwlolw| lq frxqwu| 2 exw eulqjv wkh yrodwlolw| lq frxqwu|

� doo wkh zd| grzq wr wkh ohyho suhydlolqj lq frxqwu| 2=

j2ES�|frpsUY� ' j2ES2|� 	 j2 ES�|edo�

zkhuh frpsUY ghqrwhv wkh prgho zlwk frpsohwh lqwhuqdwlrqdo dvvhw pdunhwv dqg uhgxfhg

yrodwlolw| lq frxqwu| �/ zkhuhdv frps ghqrwhv wkh prgho zlwk frpsohwh lqwhuqdwlrqdo dvvhw

pdunhwv dqg xqfkdqjhg yrodwlolw|1
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Wkh Dsshqgl{ vkrzv wkdw wkh lpsdfw rq h{shfwhg frqvxpswlrq lq frxqwu| 2 lv wkh vdph

zkhwkhu yrodwlolw| lv uhgxfhg ru qrw1 E| frqwudvw/ wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw

pdunhwv uhgxfhv h{shfwhg frqvxpswlrq lq frxqwu| � zkhq lw lv dffrpsdqlhg e| uhgxfhg

yrodwlolw|=

.|3���|frpsUY 	 .|3���|edo / .|3��2|frpsUY ' .|3��2|frps

Wkh uhgxfwlrq ri h{shfwhg h�ruw lq frxqwu| � eurxjkw e| wkh lqwhjudwlrq ri lqwhuqdwlrqdo

dvvhw pdunhwv lv hvshfldoo| vwurqj zkhq yrodwlolw| lv uhgxfhg1 E| frqwudvw h{shfwhg h�ruw

lqfuhdvhv lq frxqwu| 2/ dowkrxjk e| ohvv wkdq zkhq yrodwlolw| uhpdlqv frqvwdqw=

.|3�t�|frpsUY 	 .|3�t�|frps 	 .|3�t�|edo

.|3�t2|edo 	 .|3�t2|frpsUY 	 .|3�t2|frps

Wxuqlqj wkh zhoiduh h�hfw/ wkh frqvxpswlrq frpsrqhqw lv d�hfwhg e| wzr rssrvlwh lq x0

hqfhv lq frxqwu| �1 Wkh uhgxfhg yrodwlolw| ri frqvxpswlrq lv ehqh�fldo/ zkhuhdv wkh uhgxfwlrq

lq h{shfwhg frqvxpswlrq lv kdupixo1 Zh fdq vkrz wkdw wkh �uvw fkdqqho lv vwurqjhu dqg wkh

frqvxpswlrq frpsrqhqw ri zhoiduh lq frxqwu| � lv kljkhu=

�

�� 4
.|3��

�34

�|frpsUY :
�

�� 4
.|3��

�34

�|frps :
�

�� 4
.|3��

�34

�|edo

Frxqwu| � wkhuhiruh ehqh�wv iurp wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv e| hyhq pruh

zkhq lw lv dffrpsdqlhg e| d uhgxfwlrq ri yrodwlolw|=

.|3�L�|frpsUY : .|3�L�|frps : .|3�L�|edo

Frxqwu| 2 lv vwloo dgyhuvho| d�hfwhg dv h{shfwhg frqvxpswlrq ghfuhdvhv dqg h{shfwhg h�ruw

lqfuhdvhv1 Wkh pdjqlwxgh ri wkh h�hfw lv krzhyhu vpdoohu wkdq lq wkh fdvh zlwk frqvwdqw

yrodwlolw|=

.|3�L2|frps 	 .|3�L2|frpsUY 	 .|3�L2|edo

Lqwxlwlyho|/ wkh uhgxfwlrq ri yrodwlolw| gdpshqv wkh zruvhqlqj ri frxqwu| 2*v whupv ri

wudgh/ exw grhv qrw uhpryhv lw hqwluho|1 Rxu frqfoxvlrqv uhpdlq ydolg hyhq li j2

2
' f/ lq

zklfk fdvh wkhuh lv qr xqfhuwdlqw| lq wkh frpsUY prgho1 Li frxqwu| 2 kdv d shuihfwo| vwdeoh
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�qdqfldo vhfwru lw lv vwloo dgyhuvho| d�hfwhg e| wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv/

hyhq zkhq wklv lqwhjudwlrq hqwluho| uhpryhv wkh yrodwlolw| lq iruhljq �qdqfldo pdunhwv1

Wkh pdjqlwxgh ri wkh zhoiduh h�hfw xqghu uhgxfhg yrodwlolw| lv looxvwudwhg lq wdeoh ��1

Lw suhvhqwv wkh lqfuhdvh lq h{shfwhg frqvxpswlrq wkdw zrxog eh uhtxluhg lq wkh edo prgho/

kroglqj h�ruw dqg frqvxpswlrq yrodwlolw| frqvwdqw/ wr uhdfk wkh zhoiduh ohyho dwwdlqhg lq wkh

prgho zlwk frpsohwh lqwhuqdwlrqdo dvvhw pdunhwv dqg uhgxfhg yrodwlolw|1 Frpsduhg zlwk wdeoh

�2/ wkh ehqh�w iurp lqwhjudwlrq lq frxqwu| � lv pdgh vljql�fdqwo| odujhu e| wkh uhgxfwlrq ri

yrodwlolw|1 E| frqwudvw/ wkh dgyhuvh lpsdfw lq frxqwu| 2 lv rqo| prghudwho| uhgxfhg1

915 Dv|pphwulf h{fkdqjh udwh sdvv0wkurxjk

Rxu dqdo|vlv dvvxphv wkdw doo h{sruw sulfhv duh vhw lq wkh frqvxphu fxuuhqf|1 Wklv

dvvxpswlrq fdq vhhp wrr h{wuhph li zh wklqn ri frxqwu| � dv dq hphujlqj pdunhw1 Lqvwhdg/

d vhwxs zlwk dv|pphwulf sdvv0wkurxjk pd| eh pruh dssursuldwh1 Lq vxfk d vhwxs �upv lq

frxqwu| � vwloo vhw wkhlu h{sruw sulfhv lq frxqwu| 2 fxuuhqf|1 E| frqwudvw/ �upv lq frxqwu| 2

vhw wkhlu h{sruw sulfhv lq wkhlu rzq fxuuhqf| dqg sdvv h{fkdqjh udwh  xfwxdwlrqv wkurxjk wr

frqvxphu sulfhv lq frxqwu| �1 Hqjho +5333, dujxhv wkdw vxfk d vhwxs fdq eh pruh uhohydqw

wkdq d v|pphwulf iudphzrun zlwk }hur sdvv0wkurxjk1 Zh fdq xqghuwdnh rxu dqdo|vlv xqghu dq

dv|pphwulf sdvv0wkurxjk vhwxs1 Wkh vwhsv duh pruh frpsoh{ dqg duh jlyhq lq wkh Dsshqgl{1

Wkh pdlq �qglqj lv wkdw rxu uhvxowv uhpdlq ydolg1

Vhwwlqj j2

2
' f iru vlpsolflw| zh �qg wkdw wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdu0

nhwv vwloo lqfuhdvhv wkh h{fkdqjh udwh yrodwlolw|1 Krzhyhu lw qrz uhgxfhv wkh yrodwlolw| ri

frqvxpswlrq lq frxqwu| �=

j2 Er|�frps : j2 Er|�edo / j2 ES�|�frps 	 j2 ES�|�edo

Lqwxlwlyho| wkh h{fkdqjh udwh gdpshqv wkh lpsdfw ri prqhwdu| vkrfnv rq frqvxpswlrq1

Dq xqh{shfwhg lqfuhdvh lq ��| ohdgv wr d ghsuhfldwlrq ri wkh frxqwu| � fxuuhqf|1 Wklv

ghsuhfldwlrq lq wxuq lqfuhdvhv wkh sulfh ri lpsruwv dqg sduwldoo| r�vhwv wkh lpsdfw ri wkh

prqhwdu| vkrfn rq uhdo edodqfhv1 Dv frqvxpswlrq lv sursruwlrqdo wr uhdo edodqfhv/ wkh

 xfwxdwlrqv lq lpsruw sulfhv gdpshq wkh lpsdfw ri prqhwdu| vkrfnv1 E| lqfuhdvlqj wkh
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yrodwlolw| ri wkh h{fkdqjh udwh/ wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv uhlqirufhv wklv

gdpshqlqj h�hfw1

Zh fdq vkrz wkdw h{shfwhg frqvxpswlrq lq frxqwu| 2 lv vwloo orzhu lq wkh frps prgho

wkdq lq wkh edo prgho1 Wkh lpsdfw rq h{shfwhg frqvxpswlrq lq frxqwu| � lv dpeljxrxv lq

jhqhudo1 Krzhyhu/ zh fdq vkrz wkdw li erwk frxqwulhv duh htxdoo| odujh +? ' f�D, h{shfwhg

frqvxpswlrq lv uhgxfhg lq wkh frps prgho1

Wr looxvwudwh wkh h�hfw ri lqwhjudwlqj ri lqwhuqdwlrqdo dvvhw pdunhwv xqghu dv|pphwulf

sdvv0wkurxjk/ zh frpsxwh d qxphulfdo h{dpsoh xvlqj wkh vdph sdudphwhu ydoxhv dv iru

wkh edvholqh prgho1 Wkh rqo| gl�huhqfh lv wkh yrodwlolw| ri prqhwdu| vkrfnv lq frxqwu|

�1 Lq rxu edvholqh prgho/ zh frqvlghuhg d � shufhqw yduldqfh ri frqvxpswlrq lq frxqwu|

� +j2 ES�|� ' f�f�,1 Wklv wudqvodwh lqwr wkh iroorzlqj yduldqfh ri prqhwdu| vkrfnv +j2

�
'

42j2 ES�|�,= f�fe iru 4 ' 2/ f�fb iru 4 ' � dqg f��S iru 4 ' e1 Xvlqj wkhvh ydoxhv iru wkh

xqghuo|lqj vkrfnv zh �qg wkdw rxu edvholqh uhvxowv uhpdlq ydolg1 Wkh lqwhjudwlrq ri dvvhw

pdunhwv lqfuhdvhv wkh yrodwlolw| ri wkh h{fkdqjh udwh1 Lw dovr uhgxfhv h{shfwhg frqvxpswlrq lq

erwk frxqwulhv1 Wklv lv krzhyhu r�vhw e| d uhgxfwlrq ri frqvxpswlrq yrodwlolw| lq frxqwu| �1

H{shfwhg h�ruw lv uhgxfhg lq frxqwu| � dqg lqfuhdvhg lq frxqwu| 21 Lq whupv ri zhoiduh/ wdeoh

�e lqglfdwhv wkh htxlydohqw fkdqjhv lq h{shfwhg frqvxpswlrq1 Frxqwu| � ehqh�wv zkhuhdv

frxqwu| 2 orrvhv1 Wkh pdjqlwxghv duh vpdoohu wkdq xqghu v|pphwulf sdvv0wkurxjk +wdeoh

�2, exw uhpdlq vxevwdqwldo1 Lqwhuhvwlqjo| wkh jdlq iru frxqwu| � lv qrz vpdoohu wkdw wkh

orvv iru frxqwu| 2/ lpso|lqj wkdw wkh dyhudjh h�hfw ri dvvhw pdunhw lqwhjudwlrq lv dfwxdoo|

ghwulphqwdo1

: Frqfoxvlrq

Wklv sdshu vkrzv wkdw wkh lpsdfw ri wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv lq wkh

suhvhqfh ri prqhwdu| vkrfnv lv vhqvlwlyh wr lpshuihfwlrqv lq wkh jrrgv pdunhwv1 Zkhuhdv

vxfk dq lqwhjudwlrq lv qhxwudo li vhjphqwhg dvvhw pdunhwv duh wkh rqo| glvwruwlrq/ lw fdq eh

kdupixo lq wkh suhvhqfh ri rwkhu glvwruwlrqv vxfk dv qrplqdo uljlglwlhv1 Zh dvvhvv wkh h�hfw

ri lqwhuqdwlrqdo dvvhw pdunhwv lqwhjudwlrq lq d jhqhudo htxloleulxp 50frxqwu| prgho zkhuh
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wkh wzr frxqwulhv gl�hu e| wkh ghjuhh ri yrodwlolw| lq wkhlu prqh| pdunhw1

Zh vkrz wkdw lq vxfk d vhwxs wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv d�hfwv wkh

whupv ri wudgh ehwzhhq wkh wzr frxqwulhv dv �upv vhw wkhlu sulfhv lq d iruzdug orrnlqj

pdqqhu1 Wkh zhoiduh lpsdfwv vljql�fdqwo| gl�hu ehwzhhq wkh wzr frxqwulhv1 Wkh ehqh�wv

dffuxh hqwluho| wr wkh kljk yrodwlolw| frxqwu| zkhuhdv wkh orz yrodwlolw| frxqwu| lv pdgh

zruvh r�/ ghvslwh d jdlq lq frpshwlwlyhqhvv ohdglqj wr dq h{sruw ohg errp dqg dq lqfuhdvh lq

sur�wv1 Lqwxlwlyho| wkh zruvhqlqj ri wkh whupv ri wudgh ri wkh orz yrodwlolw| frxqwu| uhgxfhv

wkh sxufkdvlqj srzhu ri krxvhkrogv1

Zh h{whqg wkh vhwxs lq wzr gluhfwlrqv1 Zh doorz iru wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw

pdunhwv wr uhgxfh wkh yrodwlolw| ri xqghuo|lqj vkrfnv1 Zh dovr frqvlghu d pruh uhdolvwlf/

doehlw pruh frpsoh{/ vwuxfwxuh ri h{fkdqjh udwh sdvv0wkurxjk1 Rxu uhvxowv uhpdlq ydolg

xqghu wkhvh h{whqvlrqv1

Wkh dqdo|vlv vkrzv wkdw wkh lpsdfw ri lqwhuqdwlrqdo dvvhw pdunhwv lqwhjudwlrq fdqqrw eh

hydoxdwhg devwudfwlqj iurp wkh vwuxfwxuh ri wkh uhvw ri wkh hfrqrp|1 Wkh prgho suhvhqwhg

uhpdlqv vlpsoh dqg h{whqvlrqv duh d dyhqxh iru ixwxuh uhvhdufk1 Ri sduwlfxodu lqwhuhvw duh

d ulfkhu prghol}dwlrq ri wkh �qdqfldo vhfwru/ dv zhoo dv wkh lqfoxvlrq ri gl�huhqw vrxufhv ri

yrodwlolw|1
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^4` Ehqljqr/ Jldqoxfd/ dqg Slhusdror Ehqljqr +5333,/ Prqhwdu| Srolf| Uxohv dqg wkh H{0

fkdqjh Udwh/ plphr1

^5` Ekdjzdwl/ Mdjglvk +4<<;,/ Wkh Gl�huhqfh ehwzhhq Wudgh lq Zlgjhwv dqg Grooduv/ Iru0

hljq D�dluv/ ::/ :045

^6` Fdoyr/ Jxloohupr +5333,/ Ehwwlqj djdlqvw wkh Vwdwh= Vrfldoo| Frvwo| Ilqdqfldo Hqjlqhhu0

lqj/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ 84/ 80531
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^44` Hqjho/ Fkduohv +5333,/ Rswlpdo H{fkdqjh Udwh Srolf|= wkh Lq xhqfh ri Sulfh0Vhwwlqj

dqg Dvvhw Pdunhwv� plphr1
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Fdxvhv dqg Zhoiduh Frvwv/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ iruwkfrplqj1
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ri Hfrqrplf0Shuvshfwlyhv/ 45/ <0631
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^56` Rvohu/ Fduro +4<<4,/ H{sodlqlqj wkh Devhqfh ri Lqwhuqdwlrqdo Idfwru0Sulfh Frqyhujhqfh/

Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/ 43/ ;<043:1
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Prgho Frxqwu| � Frxqwu| 2
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Wdeoh 2= H{shfwhg srzhu frqvxpswlrq
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Wdeoh �= Frpsrvlwlrq ri frqvxpswlrq/ frxqwu| �

Prgho Jrrgv surgxfhg lq frxqwu| � Jrrgv surgxfhg lq frxqwu| 2

edo .|3����|edo ' .|3���2|edo '

?b3�
b#

.|3��
�34

�|edo E�� ?� b3�
b#

.|3��
�34

2|edo

frps .|3����|frps ' .|3���2|frps '

?b3�
b#

.|3��
�34
�|frps E�� ?� b3�

b#
.|3��

�34
�|frps

Wdeoh e= Frpsrvlwlrq ri frqvxpswlrq/ frxqwu| 2

Prgho Jrrgv surgxfhg lq frxqwu| � Jrrgv surgxfhg lq frxqwu| 2

edo .|3��2�|edo ' .|3��22|edo '

?b3�
b#

.|3��
�34

�|edo E�� ?� b3�
b#

.|3��
�34

2|edo

frps .|3��2�|frps ' .|3��22|frps '

?b3�
b#

.|3��
�34
2|frps E�� ?� b3�
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Wdeoh D= H{shfwhg h�ruw

Prgho Frxqwu| � Frxqwu| 2

edo .|3�t�|edo ' l3�.|3��
�34

�|edo .|3�t2|edo ' l3�.|3��
�34

2|edo

frps .|3�t�|frps ' .|3�t2|frps ' .|3�t�|frps

l3�

5
7 ?.|3��

�34

�|frps

nE�� ?�.|3��
�34

2|frps

6
8

zkhuh= l ' b# Eb� ��3�

Wdeoh S= H{shfwhg sur�wv/ �upv orfdwhg lq frxqwu| �

Prgho Jrrgv vrog lq frxqwu| � Jrrgv vrog lq frxqwu| 2

edo .|3����|edo ' .|3��2�|edo '

b3�.|3��
�34

�|edo b3�.|3��
�34

�|edo

frps .|3����|frps ' .|3��2�|frps '

b3�.|3��
�34

�|frps b3�.|3��
�34

2|frps
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Wdeoh .= H{shfwhg sur�wv/ �upv orfdwhg lq frxqwu| 2

Prgho Jrrgv vrog lq frxqwu| � Jrrgv vrog lq frxqwu| 2

edo .|3���2|edo ' .|3��22|edo '

b3�.|3��
�34

2|edo b3�.|3��
�34

2|edo

frps .|3���2|frps ' .|3��22|frps '

b3�.|3��
�34

�|frps b3�.|3��
�34

2|frps

Wdeoh H= Lpsdfw ri dvvhw pdunhwv lqwhjudwlrq=

Vwdqgdug ghyldwlrq ri wkh h{fkdqjh udwh +I,

4 ' 2 4 ' � 4 ' es
T @o Er|�

Edo prgho �f �f �f

Frps prgho 2f �f efs
�J�@o Er|c S�|�

Edo prgho �f �f �f

Frps prgho �e �. 2f
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Wdeoh b= Lpsdfw ri dvvhw pdunhwv lqwhjudwlrq=

Shufhqwdjh fkdqjh lq frqvxphu sulfhv

4 ' 2 4 ' � 4 ' e

Frxqwu| �= ��| �f�Df ���eb �2�bS

���| f f f

��2| ���ff �2�bS �D�H2

Frxqwu| 2= �2| f�Df ��D� ��fD

�2�| ��f� ��fD S��H

�22| f f f

Wdeoh �f= Lpsdfw ri dvvhw pdunhwv lqwhjudwlrq=

Shufhqwdjh fkdqjh lq h{shfwhg frqvxpswlrq

4 ' 2 4 ' � 4 ' e

Frxqwu| �= .|3���| f�2D f�Df f�.D

.|3����| �f�2D ���ff �2�2�

.|3���2| f�.D 2�f2 ��H2

Frxqwu| 2= .|3��2| �f�2D �f�Df �f�.D

.|3��2�| �f�.D ���bH ���SH

.|3��22| f�2D ��f� 2�2H

Wdeoh ��= Lpsdfw ri dvvhw pdunhwv lqwhjudwlrq=

Shufhqwdjh fkdqjh lq h{shfwhg rxwsxw dqg sur�wv

4 ' 2 4 ' � 4 ' e

Frxqwu| �= .|3�t�| �f�Df ���eb �2�bD

.|3����| �f�2D ���ff �2�2�

.|3��2�| �f�.D ���bH ���SH

Frxqwu| 2= .|3�t2| f�Df ��D� ��fD

.|3���2| f�.D 2�f2 ��H2

.|3��22| f�2D ��f� 2�2H
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Wdeoh �2= Lpsdfw ri dvvhw pdunhwv lqwhjudwlrq= Zhoiduh h�hfw

Htxlydohqw shufhqwdjh fkdqjh lq h{shfwhg frqvxpswlrq

4 ' 2 4 ' � 4 ' e

Frxqwu| �= .|3���|htxly f�S. ��.H ��e2

Frxqwu| 2= .|3��2|htxly �f�SS ���.2 ����f

Wdeoh ��= Lpsdfw ri dvvhw pdunhwv lqwhjudwlrq

dqg uhgxfhg yrodwlolw|= Zhoiduh h�hfw

Htxlydohqw shufhqwdjh fkdqjh lq h{shfwhg frqvxpswlrq

4 ' 2 4 ' � 4 ' e

Frxqwu| �= .|3���|htxly ���b 2�.D e�.f

Frxqwu| 2= .|3��2|htxly �f�eS ����� �2�D2

Wdeoh �e= Lpsdfw ri dvvhw pdunhwv lqwhjudwlrq

xqghu dvv|phwulf sdvv0wkurxjk= Zhoiduh h�hfw

Htxlydohqw shufhqwdjh fkdqjh lq h{shfwhg frqvxpswlrq

4 ' 2 4 ' � 4 ' e

Frxqwu| �= .|3���|htxly f��b ���f 2��S

Frxqwu| 2= .|3��2|htxly �f�eS ���ef �2�.S
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; Dsshqgl{

;14 Dsshqgl{ 4= Krxvhkrog rswlpl}dwlrq

Zh vwduw e| irfxvlqj rq wkh glphqvlrqv ri wkh vroxwlrq wkdw duh wkh vdph lq wkh frps

dqg wkh edo prgho1 Krxvhkrog % olylqj lq frxqwu| � fkrrvhv d vhtxhqfh ri vwdwh frqwlqjhqw

frqvxpswlrq �� E%c ��/ prqh| kroglqj�� E%c ��/ frqwlqjhqw dvvhwv kroglqjv dqg krxuv zrunhg

u� E%c �� wr pd{lpl}h=

O '
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���|nr E%c �|nr��`�|nr E�|nr�u�|nr E%c �|nr�� A�|nr E%c �|nr�j

zkhuh �h E�|nr� lv wkh suredelolw| wkdw vwdwh �|nr rffxuv dqg b�|nr E%c �|nr� lv wkh Odjudqjh

pxowlsolhu rq wkh dvvrfldwhg exgjhw frqvwudlqw1 Zh irfxv rq shulrg | dqg |n� iru vlpsolflw|

dqg zulwh wkh �uvw rughu frqglwlrqv zlwk uhvshfw wr frqvxpswlrq/ prqh| kroglqjv dqg krxuv

zrunhg dv=
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Dv doo krxvhkrogv zlwklq d frxqwu| duh lghqwlfdo/ zh gurs wkh lqgh{ % dqg uhzulwh wkh frq0
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zkhuh _�|c|n� lv wkh glvfrxqw idfwru ehwzhhq wkh wzr shulrgv=

_�|c|n� ' q
��|�

4
�|

��|n��
4
�|n�

+5:,

iroorzlqj Revwihog dqg Urjr� +4<<;,/ zh fdq vkrz wkdw wkh glvfrxqw idfwru lv d frqvwdqw li

��| iroorzv d udqgrp zdon zlwk guliw=

��|n�

��|

' E� n >� "|n�

zlwk " lv dqg l1l1g1 vkrfn zlwk phdq �1 Iurp +59, zh fdq zulwh wkh �uvw rughu frqglwlrq zlwk

uhvshfw wr prqh| edodqfhv dv=

� '
����|�

4
�|

��|

n q.|

��|�
4
�|

��|n��
4
�|n�

Frqmhfwxulqj wkdw wkh udwlr ehwzhhq ��| dqg ��|�
4
�| lv frqvwdqw dfurvv vwdwhv/ zh vkrz wkdw

_�|c|n� lv d frqvwdqw dqg zulwh=
��|

��|
' �

4
�|

��
�� _�

Vlplodu vwhsv fdq eh xqghuwdnhq iru dq krxvhkrog olylqj lq frxqwu| 2/ dqg zh rewdlq=

`2|

�2|
' #�

4
2| /

�2|

�2|
' �

4
2|

�2
�� _2

Zh qrz wxuq rxu irfxv rq wkh uroh ri frqwlqjhqw vhfxulwlhv1 ���|n� E%c �|n�� ghqrwhv wkh

kroglqj e| krxvhkrog % olylqj lq frxqwu| � ri vhfxulwlhv sd|lqj � xqlw ri frxqwu| � fxuuhqf|

lq shulrg | n � li wkh vwdwh ri wkh zruog lv �|n�1 ^�| E�|n�� lv wkh sulfh lq frxqwu| � fxuuhqf|

dqg shulrg | ri d vhfxulw| sd|lqj � xqlw ri frxqwu| � fxuuhqf| lq shulrg |n � li wkh vwdwh ri

wkh zruog lv �|n�1 Iru vlpsolflw| zh irfxv rq wkh rswlpdo kroglqjv ri vhfxulwlhv sxufkdvhg lq

shulrg | dqg sd|lqj r� lq shulrg |n �1 Lq wkh frps prgho/ doo krxvhkrogv fdq wudgh lq doo

vhfxulwlhv=

%3�|n� E%� '
[
�|n�

^�| E�|n�����|n� E%c �|n�� n
[
�|n�

7|^2| E�|n����2|n� E%c �|n��

%5�| E%� ' ���| E%c �|� n 7|��2| E%c �|�

%32|n� E%� '
[
�|n�

73�| ^�| E�|n���2�|n� E%c �|n�� n
[
�|n�

^2| E�|n���22|n� E%c �|n��

%52| E%� ' 73�| �2�| E%c �|� n�22| E%c �|�
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zkhuh 7 lv wkh qrplqdo h{fkdqjh udwh +xqlwv ri frxqwu| � fxuuhqf| shu xqlw ri frxqwu| 2

fxuuhqf|,1 Wkh Odjudqjldq +58, iru d krxvhkrog olylqj lq frxqwu| � lv wkhq zulwwhq dv=

O ' X� b�| E%�

5
7[
�|n�

^�| E�|n�����|n� E%c �|n�� n
[
�|n�

7|^2| E�|n����2|n� E%c �|n��

6
8

�q
[
�|nr

b�|n� E%c �|n�� d����|n� E%c �|n��� 7|n� E�|n����2|n� E%c �|n��o

zkhuh X lv d whup xqd�hfwhg e| wkh kroglqjv ri vhfxulwlhv1 Wkh rswlpdo frqglwlrqv duh jlyhq

e|=

YO

Y���|n� E%c �|n��
' f , ^�| E�|n�� ' q

b�|n� E%c �|n��

b�| E%�

YO

Y��2|n� E%c �|n��
' f , ^2| E�|n�� ' q

b�|n� E%c �|n��

b�| E%�

7|n� E�|n��

7|

Xqghuwdnlqj vlplodu vwhsv iru d krxvhkrog olylqj lq frxqwu| 2 ohdgv wr=

^�| E�|n�� ' q
b2|n� E%c �|n��

b2| E%�

7|

7|n� E�|n��

^2| E�|n�� ' q
b2|n� E%c �|n��

b2| E%�

Uhfdoo wkdw=
�
34
2|

�2|
' b2| /

�
34
2|n� E�|n��

�2|n� E�|n��
'

b2|n� E�|n��

�h E�|n��

Frpelqlqj wkh frqglwlrqv iru krxvhkrogv olylqj lq gl�huhqw frxqwulhv/ zh vkrz wkdw=

b2|n� E�|n��

b2|
7| '

b�|n� E�|n��

b�|
7|n� E�|n��

,
�
34
�|

�
34
2|

7|�2|

��|
'

7|n� E�|n���2|n� E�|n��

��|n� E�|n��

�
34
�|n� E�|n��

�
34
2|n� E�|n��

Wkh uhdo h{fkdqjh udwh lv sursruwlrqdo wr wkh udwlr ri frqvxpswlrq lq dq| vwdwh ri wkh zruog=

7|�2|

��|
' K

�
4
�|

�
4
2|

/
7|n��2|n�

��|n�
' K

�
4
�|n�

�
4
2|n�

;�|n�

zkhuh K lv d frqvwdqw wkdw uh hfwv wkh lqlwldo frqglwlrqv dv vkrzq e| Fkdul/ Nhkrh dqg

PfJudwwdq +5333,1 Iru vlpsolflw|/ zh frqvlghu wkdw wkh qr frxqwu| krogv fodlpv rq wkh rwkhu

lqlwldoo|/ vr wkdw K ' �1
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Lq wkh edo prgho/ krxvhkrogv fdq wudgh rqo| lq wkh vhfxulwlhv sd|lqj r� lq wkh fxuuhqf|

ri wkhlu frxqwu| ri uhvlghqfh=

%3�|n� E%� '
[
�|n�

^�| E�|n�����|n� E%c �|n��

%5�| E%� ' ���| E%c �|�

%32|n� E%� '
[
�|n�

^2| E�|n���22|n� E%c �|n��

%52| E%� ' �22| E%c �|�

Wkh Odjudqjldq +58, iru d krxvhkrog olylqj lq frxqwu| � lv qrz zulwwhq dv=

O ' X� b�| E%�
[
�|n�

^�| E�|n�����|n� E%c �|n��� q
[
�|nr

b�|n� E%c �|n�� d����|n� E%c �|n��o

Xvlqj +5:,/ wkh rswlpdolw| frqglwlrq lv=

^�| E�|n�� ' q
b�|n� E%c �|n��

b�| E%�
, ^�| E�|n�� ' �h E�|n�� _�

Iroorzlqj vlplodu vwhsv iru d krxvhkrog olylqj lq frxqwu| 2/ zh zulwh=

^2| E�|n�� ' q
b2|n� E%c �|n��

b2| E%�
, ^2| E�|n�� ' �h E�|n�� _2

Wkh rswlpdolw| frqglwlrqv iru vhfxulwlhv kroglqjv gr qrw jhqhudwh d uhodwlrq ehwzhhq uhodwlyh

frqvxpswlrq dqg wkh uhdo h{fkdqjh udwh1 Lqvwhdg/ wkh sulfhv ri vhfxulwlhv vlpso| dgmxvw vr

wkdw wkh kroglqjv duh h{dfwo| }hur/ dv krxvhkrogv fdq rqo| wudgh zlwk rwkhu krxvhkrogv wkdw

duh lghqwlfdo wr wkhp1

;15 Dsshqgl{ 5= Ilupv rswlpl}dwlrq

Zh ghqrwh wkh txdqwlw| vrog e| d �up surgxflqj eudqg � lq frxqwu| � e| t�| E��1 Djjuh0

jdwlqj wkh ghpdqg iurp d frxqwu| � krxvhkrog +5,0+6, dqg wkhlu frxqwhusduwv iru d frxqwu|

2 krxvhkrog/ zh zulwh=

t�| E�� ' ?

�
���| E��

���|

�
3b

��|��|

���|
n E�� ?�

�
�2�| E��

�2�|

�
3b

�2|�2|

�2�|

t2| E�� ' ?

�
��2| E��

��2|

�
3b

��|��|

��2|
n E�� ?�

�
�22| E��

�22|

�
3b

�2|�2|

�22|
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Wkh rswlpl}dwlrq sureohp ri wkh �up lv wr pd{lpl}h lwv h{shfwhg sur�wv rqh shulrg dkhdg1

Ilupv orfdwhg lq d frxqwu| ehlqj rzqhg e| wkh krxvhkrogv uhvlglqj lq wkdw frxqwu|/ wkh

sur�wv duh glvfrxqwhg e| wkh pdujlqdo xwlolw| ri lqfrph1 D �up lq frxqwu| � vhwv lwv sulfhv

wr pd{lpl}h=

.|3�

+
�
34
�|

��|

d���| E���`�|o?

�
���| E��

���|

�
3b

��|��|

���|

,

n.|3�

+
�
34
�|

��|

d7|�2�| E���`�|o E�� ?�

�
�2�| E��

�2�|

�
3b

�2|�2|

�2�|

,

Doo sulfhv ehlqj suhvhw/ wkh rqo| vwrfkdvwlf whupv duh wkh frqvxpswlrqv/ wkh zdjh dqg wkh

h{fkdqjh udwh1 Wdnlqj wkh �vw rughu frqglwlrqv zlwk uhvshfw wr ���| E�� dqg �2�| E��/ dqg

uhfdoolqj wkdw doo �upv duh lghqwlfdo lq htxloleulxp/ ohdgv wr +<,0+43,1

Vlploduo|/ d �up lq frxqwu| 2 pd{lpl}hv=

.|3�

+
�
34
2|

�2|

�
73�| ��2| E���`2|

�
?

�
��2| E��

��2|

�
3b

��|��|

��2|

,

n.|3�

+
�
34
2|

�2|

d�22| E���`2|o E�� ?�

�
�22| E��

�22|

�
3b

�2|�2|

�22|

,

Wkh �uvw rughu frqglwlrqv zlwk uhvshfw wr ��2| E�� dqg �22| E�� ohdg wr +44,0+45,1

;16 Dsshqgl{ 6= Rswlpdo sulfhv dqg h{shfwhg frqvxpswlrq

;1614 Wkh frps prgho

Lq wkh frps prgho/ zh ghulyh wkh rswlpdo sulfhv e| frpelqlqj wkh oderu vxssolhv +8,

dqg +:,/ wkh rswlpdo ulvn vkdulqj uhodwlrq +47, dqg wkh rswlpdo sulflqj htxdwlrqv +<,0+45,1

Diwhu vrph dojheud/ zh zulwh=

���| ' ��2| ' ��|

b#

b� �

.|3���|

.|3��
�34
�|

�2�| ' �22| ' �2|

b#

b� �

.|3��2|

.|3��
�34
2|

Doo frqvxphu sulfhv fkdujhg lq d jlyhq frxqwu| duh lghqwlfdo1 Xvlqj wkh gh�qlwlrq ri wkh

frqvxphu sulfh lqgh{ zh hvwdeolvk wkdw=

��| ' �?
��|�

�3?
�2| ' ��|

b#

b� �

.|3���|

.|3��
�34
�|

, .|3��
�34
�| '

b#

b� �
.|3���|
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�2| ' �?
2�|�

�3?
22| ' �2|

b#

b� �

.|3��2|

.|3��
�34

2|

, .|3��
�34

2| '
b#

b� �
.|3��2|

Dv yduldeohv duh orj qrupdo/ zh xvh wkh surshuw| wkdw li % ' *?f # � E>c j2� wkhq .f@ '

i T
�
@>n �

2
@2j2

�
wr zulwh=

.|3��
�34

�| ' d.|3���|o
�34 i T

�
4 E4� ��

2
j2ES�|�

�
Xvlqj rxu uhvxowv vr idu/ zh frpsxwh wkh h{shfwhg frqvxpswlrq ohyhov dv=

.|3���|frps '

�
b#

b� �

�
3

�

4

i T

�
4� �

2
j2ES�|�

�

.|3��2|frps '

�
b#

b� �

�
3

�

4

i T

�
4� �

2
j2ES2|�

�
Ixuwkhupruh/ zh fdq hvwdeolvk wkdw=

.|3��
�34

�|frps
'

�
b#

b� �

� 43�

4

i T

�
4� �

2
j2ES�|�

�

.|3��
�34

2|frps
'

�
b#

b� �

� 43�

4

i T

�
4� �

2
j2ES2|�

�
Wxuqlqj wr wkh doorfdwlrq ri frqvxpswlrq ehwzhhq grphvwlf ri iruhljq jrrgv/ zh xvh wkh

frqvxpswlrq ghpdqgv +5,0+6, dqg wkhlu frxqwhusduwv lq frxqwu| 2 wr zulwh=

���| ' ?
��|

���|

��| / ��2| ' E�� ?�
��|

��2|

��|

�2�| ' ?
�2|

�2�|

�2| / �22| ' E�� ?�
�2|

�22|

�2|

Xvlqj rxu uhvxowv iru wkh rswlpdo sulfhv/ zh rewdlq=

.|3����|frps ' ?
b� �

b#
.|3��

�34

�|frps
/ .|3���2|frps ' E�� ?�

b� �

b#
.|3��

�34

�|frps

.|3��2�|frps ' ?
b� �

b#
.|3��

�34

2|frps
/ .|3��22|frps ' E�� ?�

b� �

b#
.|3��

�34

2|frps

;1615 Wkh edo prgho

Zkhq lqwhuqdwlrqdo dvvhw pdunhwv duh qrw lqwhjudwhg/ zh surfhhg dv iru wkh frpsprgho/

xvlqj +48, lqvwhdg ri +47,1 Diwhu vrph dojheud zh zulwh=

���| ' ��|

b#

b� �

.|3���|

.|3��
�34

�|

/ �2�| ' �2|

b#

b� �

.|3��2|

.|3��
�34

�|

��2| ' ��|

b#

b� �

.|3���|

.|3��
�34

2|

/ �22| ' �2|

b#

b� �

.|3��2|

.|3��
�34

2|
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Iurp wkh sulfh lqgh{ zh zulwh=

��| ' �?
��|�

�3?
�2| ' ��|

b#

b� �

�
.|3���|

.|3��
�34

�|

�? �
.|3���|

.|3��
�34

2|

�
�3?

�2| ' �?
2�|�

�3?
22| ' �2|

b#

b� �

�
.|3��2|

.|3��
�34

�|

�? �
.|3��2|

.|3��
�34

2|

��3?
Frpelqlqj wkhvh wzr htxdwlrqv ohdgv wr=�

.|3��
�34

�|

�? �
.|3��

�34

2|

��3?
'

b#

b� �
.|3���|�

.|3��
�34

�|

�? �
.|3��

�34

2|

��3?
'

b#

b� �
.|3��2|

Dv wkh ohiw0kdqg vlgh lv wkh vdph lq erwk uhodwlrqv/ wkh h{shfwhg frqvxpswlrq lv htxdo dfurvv

frxqwulhv=

.|3���|edo ' .|3��2|edo

Zh fdq qrz uh0zulwh dq| ri wkh wzr uhodwlrqv dv=

d.|3���|edoo
34 i T

�
?
4 E4� ��

2
j2 ES�|�

�
i T

�
E�� ?�

4 E4� ��

2
j2 ES2|�

�
'

b#

b� �

, .|3���|edo '

�
b#

b� �

�
3

�

4

i T

�
4� �

2

�
?j2 ES�|� n E�� ?�j2 ES2|�

��
Wkh h{shfwhg frqvxpswlrq lq wkh edo prgho lv ehwzhhq wkh ydoxhv iru wkh wzr frxqwulhv lq

wkh frps prgho1 Zh fdq dovr zulwh=

.|3��
�34

�|edo '

�
b#

b� �

� 43�

4

i T

�
4� �

2
j2 ES�|�

�

i T

%
E�� ?�

E4� ��2

2

�
j2 ES�|�� j2 ES2|�

�&

.|3��
�34

2|edo '

�
b#

b� �

� 43�

4

i T

�
4� �

2
j2 ES2|�

�

i T

%
�?

E4� ��2

2

�
j2 ES�|�� j2 ES2|�

�&

Dv lq wkh frps prgho/ zh fdq ghulyh wkh doorfdwlrq ri h{shfwhg frqvxpswlrq dfurvv

grphvwlf dqg iruhljq jrrgv e| xvlqj wkh rswlpdo sulfhv=

.|3����|edo ' .|3��2�|edo ' ?
b� �

b#
.|3��

�34

�|edo

.|3���2|edo ' .|3��22|edo ' E�� ?�
b� �

b#
.|3��

�34

2|edo
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;17 Dsshqgl{ 7= H{shfwhg rxwsxw

Zh frpsxwh wkh h{shfwhg h�ruw iurp +46,=

.|3�t�| ' ?
��|.|3���|

���|

n E�� ?�
�2|.|3��2|

�2�|

.|3�t2| ' ?
��|.|3���|

��2|

n E�� ?�
�2|.|3��2|

�22|

Zh frpelqh wkhvh uhodwlrqv zlwk wkh rswlpdo sulfhv +<,0+45, wr ghulyh wkh vroxwlrq iru h{shfwhg

rxwsxw1 Lq wkh frps prgho/ zh zulwh=

.|3�t�|frps '
b� �

b#

�
?.|3��

�34

�|frps n E�� ?�.|3��
�34

2|frps

�
' .|3�t2|frps

Vlploduo|/ zh vkrz wkdw lq wkh edo prgho=

.|3�t�|edo '
b� �

b#

�
?.|3��

�34

�|edo n E�� ?�.|3��
�34

�|edo

�
'

b� �

b#
.|3��

�34

�|edo

.|3�t2|edo '
b� �

b#

�
?.|3��

�34

2|edo n E�� ?�.|3��
�34

2|edo

�
'

b� �

b#
.|3��

�34

2|edo

;18 Dsshqgl{ 8= H{shfwhg sur�wv

Zh qrz wxuq wr wkh h{shfwhg sur�wv1 Vwduwlqj zlwk frxqwu| �/ zh xvh wkh ghpdqg +5, wr

zulwh wkh h{shfwhg sur�wv iru d grphvwlf �up dv=

.|3����| '
�

?
?.|3��

34

�|

�

��|

E���| �`�|�
��|��|

���|

zkhuh ?3� lv wkh vfdolqj sdudphwhuv dv wkh �up vhoov jrrgv wr ? fxvwrphuv/ �34

�| �
3�

�| lv wkh

pdujlqdo xwlolw| ri uhyhqxh/ ���|�`�| lv wkh xqlw pdujlq dqg ��|�
3�

��|��| lv wkh ghpdqg iurp

hdfk frqvxphu1 Xvlqj wkh oderu vxsso| +8, zh zulwh=

.|3����| ' .|3��
�34

�| � #
��|.|3���|

���|

Zh fdq vlploduo| zulwh wkh h{shfwhg sur�wv ri dq h{sruw �up lq frxqwu| � dv iroorzv=

.|3��2�| '
�

�� ?
E�� ?�.|3��

34

�|

�

��|

E7|�2�| �`�|�
�2|�2|

�2�|

' .|3�

7|�2|

��|

�
34

�| �2| � #
�2|.|3��2|

�2�|
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Xvlqj rxu uhvxowv iru wkh rswlpdo sulfhv dqg wkh uhodwlrqv ehwzhhq wkh uhdo h{fkdqjh udwh dqg

uhodwlyh frqvxpswlrqv/ +47, dqg +48,/ zh zulwh=

.|3����|frps '
�

b
.|3��

�34

�|frps / .|3��2�|frps '
�

b
.|3��

�34

2|frps

.|3����|edo '
�

b
.|3��

�34

�|edo / .|3��2�|edo '
�

b
.|3��

�34

�|edo

Zh fdq ghulyh vlplodu h{suhvvlrqv iru wkh h{shfwhg sur�wv ri h{sruw dqg grphvwlf �upv

lq frxqwu| 2=

.|3���2| '
�

?
?.|3��

34

2|

�

�2|

�
�2�|

7|

�`2|

�
��|��|

��2|

' .|3�

��|

7|�2|

�
34

2| ��| � #
��|.|3���|

��2|

.|3��22| '
�

�� ?
E�� ?�.|3��

34

2|

�

�2|

E�22| �`2|�
�2|�2|

�22|

' .|3��
�34

2| � #
�2|.|3��2|

�22|

Xvlqj wkh rswlpdo sulfhv/ zh fdq zulwh=

.|3���2|frps '
�

b
.|3��

�34

�|frps / .|3��22|frps '
�

b
.|3��

�34

2|frps

.|3���2|edo '
�

b
.|3��

�34

2|edo / .|3��22|edo '
�

b
.|3��

�34

2|edo

;19 Dsshqgl{ 9= H{shfwhg whupv ri wudgh

Wkh whupv ri wudgh duh gh�qhg dv wkh xqlw uhyhqxh iurp h{sruw glylghg e| wkh xqlw frvw

ri lpsruwv=

A�A�| '
7|�2�|

��2|

'
�

A�A2|

Wr dyrlg dq| vsxulrxv frqfoxvlrq uh hfwlqj Mhqvhq lqhtxdolw|/< zh vwduw e| dqdo|}lqj wkh

orjv ri wkh whupv ri wudgh=

|J|�| ' r| n R2�| � R�2| ' �|J|2|

<
Dv Hw�4WRW4w 9@ +Hw�4WRW5w,

�4
1
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Zh vwduw zlwk wkh frps prgho1 Iurp wkh rswlpdo sulfhv dqg wkh rswlpdo ulvn vkdulqj

frqglwlrq +47,/ zh zulwh wkh h{shfwhg whupv ri wudgh dv=

.|3�|J|�| ' 4.|3�S�| � 4.|3�S2| n *?.|3��2| � *?.|3��
�34

2|

n *?.|3��
�34

�| � *?.|3���|

Xvlqj wkh surshuwlhv ri wkh orj qrupdo glvwulexwlrq dqg vrph dojheud zh rewdlq=

.|3�|J|�|frps '
4 E4� 2�

2

�
j2 ES�|�� j2 ES2|�

�
Wxuqlqj wr wkh edo prgho/ zh xvh wkh rswlpdo sulfhv dqg wkh edodqfhg wudgh frqglwlrq wr

zulwh=

.|3�|J|�| ' .|3�S�| � .|3�S2| n *?.|3��2| � *?.|3��
�34

�|

n *?.|3��
�34

2| � *?.|3���|

Uhfdoo wkdw .|3���|edo ' .|3��2|edo , .|3�S�| n
�

2
j2 ES�|� ' .|3�S2| n

�

2
j2 ES2|�1 Diwhu vrph

dojheud/ zh hvwdeolvk=

.|3�|J|�|edo ' �
4 E4� �� n �

2

�
j2 ES�|�� j2 ES2|�

�
Zh fdq wkhq hvwdeolvk wkdw frxqwu| � whupv ri wudgh duh pruh idyrudeoh lq wkh frps

prgho=

.|3�|J|�|frps � .|3�|J|�|edo '
E24� �� E4� ��

2

�
j2 ES�|�� j2 ES2|�

�
: f

;1: Dsshqgl{ := Grphvwlf sulfhv

Rxu dqdo|vlv vkrzv wkdw wkh lqwhjudwlrq ri dvvhw pdunhwv uhgxfhv wkh sulfh ri lpsruw iurp

frxqwu| 2 lq frxqwu| �/ dqg lqfuhdvh wkh sulfh iru lpsruw iurp frxqwu| � lq frxqwu| 21 Wklv

Dsshqgl{ frpsxwhv wkh htxloleulxp lpsdfw rq wkh sulfhv ri grphvwlf jrrgv/ ���| dqg �22|1

Iurp wkh rswlpdo sulfh +<, zh nqrz wkdw wkh irup ri ���| lv wkh vdph lq erwk wkh frps

dqg wkh edo prghov=

���| ' ��|

b#

b� �

.|3���|

.|3��
�34

�|

' ��|

b#

b� �
d.|3���|o

4 i T

�
�
4 E4� ��

2
j2 ES�|�

�
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zkhuh zh xvhg .|3��
�34

�| ' d.|3���|o
�34 i T

k
4E43��

2
j2 ES�|�

l
1 Iurp wkh prqh| ghpdqg +9,

zh fdq zulwh=

��|�
4

�| '
�

��

��| E�� _��

, ��|.|3��
4

�| '
�� _�

��

.|3���|

, ��| '
�� _�

��

d.|3���|o
34 i T

�
�4

4� �

2
j2 ES�|�

�
.|3���|

Wkhuhiruh=

���| '
�� _�

��

b#

b� �
.|3���| i T

�
�4 E4� �� j2 ES�|�

�
Doo wkh whupv rq wkh uljkw0kdqg vlgh duh wkh vdph lq erwk wkh frps dqg wkh edo prgho1

Zh fdq xqghuwdnh vlplodu vwhsv iru wkh sulfh ri grphvwlf jrrgv lq frxqwu| 21 Zh nqrz

wkdw lq erwk wkh frps dqg wkh edo prgho=

�22| ' �2|
b#

b� �

.|3��2|

.|3��
�34

2|

' �2|
b#

b� �
d.|3��2|o

4 i T

�
�
4 E4� ��

2
j2 ES2|�

�

Iurp wkh prqh| ghpdqg +;, zh zulwh=

�2| '
�� _2

�2

d.|3��2|o
34 i T

�
�4

4� �

2
j2 ES2|�

�
.|3��2|

Wkhuhiruh=

�22| '
�� _2

�2

b#

b� �
.|3��2| i T

�
�4 E4� �� j2 ES2|�

�
Wkh lqwhjudwlrq ri dvvhw pdunhwv kdv qr lpsdfw rq wkh sulfh ri grphvwlf jrrgv/ ���| dqg �22|/

lq erwk frxqwulhv1

Rxu uhvxowv dovr ohdg wr vlpsoh h{suhvvlrqv iru wkh lpsdfw ri dvvhw pdunhw lqwhjudwlrq rq

frqvxphu sulfhv1 Zh fdq vkrz wkdw=

��|frps

��|edo
	 � /

���|frps

���|edo
' � /

��2|frps

��2|edo
	 �

�2|frps

�2|edo
: � /

�2�|frps

�2�|edo
: � /

�22|frps

�22|edo
' �
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;1; Dsshqgl{ ;= Uhgxfhg yrodwlolw| wkurxjk lqwhjudwlrq

Zh vroyh d yduldqw ri wkh prgho zkhuh wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv

d�hfwv wkh yrodwlolw| ri vkrfnv1 Zh dvvxph wkdw wkh lqwhjudwlrq grhv qrw d�hfw wkh yrodwlolw|

lq frxqwu| 2 +wkh orz yrodwlolw| frxqwu|, exw eulqjv wkh yrodwlolw| lq frxqwu| � grzq wr wkh

ohyho ri frxqwu| 21 Wkh vroxwlrq iru wkh edo prgho lv dv ehiruh/ zkhuhdv wkh vroxwlrq iru wkh

frps prgho ehfrphv=

j2ES�|frpsUY� ' j2ES2|�

.|3���|frpsUY ' .|3��2|frps '

�
b#

b� �

�
3

�

4

i T

�
4� �

2
j2ES2|�

�

.|3��
�34

�|frpsUY ' .|3��
�34

2|frps '

�
b#

b� �

� 43�

4

i T

�
4� �

2
j2ES2|�

�

Zkhuh frpsUY ghqrwhv wkh prgho zlwk frpsohwh pdunhwv dqg uhgxfhg yrodwlolw|/ dqg frps

ghqrwhv wkh prgho zlwk frpsohwh pdunhwv dqg xqfkdqjhg yrodwlolw|1 H{shfwhg frqvxpswlrq

lq frxqwu| 2 lv qrw d�hfwhg e| wkh uhgxfhg yrodwlolw| lq frxqwu| �/ zkhuhdv lw lv uhgxfhg lq

frxqwu| �1 Wxuqlqj wr h{shfwhg rxwsxw zh zulwh=

.|3�t�|frpsUY ' .|3�t2|frpsUY '
b� �

b#
.|3��

�34

2|frps

Xvlqj rxu uhvxowv iru wkh fdvh zkhuh yrodwlolw| uhpdlqv frqvwdqw/ zh lqihu=

.|3�t�|frpsUY 	 .|3�t�|frps 	 .|3�t�|edo

.|3�t2|edo 	 .|3�t2|frpsUY 	 .|3�t2|frps

Wkh zhoiduh ri erwk frxqwulhv lq wkh frps prgho lv xqdpeljxrxvo| kljkhu zkhq wkh

yrodwlolw| lq frxqwu| � lv uhgxfhg/ frpsduhg wr wkh fdvh zlwk frqvwdqw yrodwlolw|1 Uhfdoo wkdw

zhoiduh lv jlyhq e|=

.|3�L�|frps '
.|3��

�34

�|frps

�� 4
�

b� �

b

�
?.|3��

�34

�|frps n E�� ?�.|3��
�34

2|frps

�
.|3�L2|frps '

.|3��
�34

2|frps

�� 4
�

b� �

b

�
?.|3��

�34

�|frps n E�� ?�.|3��
�34

2|frps

�
Frpsdulqj wkh rxwfrphv zlwk dqg zlwkrxw wkh uhgxfwlrq lq yrodwlolw|/ zh nqrz wkdw.|3��

�34

2|frps

lv qrw d�hfwhg dqg .|3��
�34

�|frpsUY 	 .|3��
�34

�|frps1 Wkhuhiruh/ wkh uhgxfwlrq ri yrodwlolw| ehq0
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h�wv erwk frxqwulhv wkurxjk d uhgxfwlrq lq h{shfwhg h�ruw frpsduhg wr wkh fdvh zlwk frqvwdqw

yrodwlolw|/ dqg dovr frxqwu| � wkurxjk wkh frqvxpswlrq whup1

Wkh lqwhjudwlrq ri lqwhuqdwlrqdo dvvhw pdunhwv lv wkhuhiruh hvshfldoo| ehqh�fldo wr frxqwu|

� zkhq lw lv dffrpsdqlhg e| d uhgxfwlrq ri lwv yrodwlolw|1 Frxqwu| 2 lv vwloo dgyhuvho| d�hfwhg/

dowkrxjk wkh uhgxfwlrq lq yrodwlolw| uhgxfhv wkh pdjqlwxgh ri wkh orvv1

;1< Dsshqgl{ <= Dv|pphwulf sdvv0wkurxjk

Zh frqvlghu d fdvh zkhuh h{fkdqjh udwh sdvv0wkurxjk lv dv|pphwulf1 Ilupv lq frxqwu|

� vhw wkhlu h{sruw sulfh iru vdohv wr frxqwu| 2 lq frxqwu| 2 fxuuhqf|1 E| frqwudvw �upv lq

frxqwu| 2 vhw wkhlu sulfh iru vdohv wr frxqwu| � lq frxqwu| 2 fxuuhqf|1 Iru vlpsolflw|/ zh irfxv

rq wkh fdvh zkhuh wkhuh lv qr yrodwlolw| lq frxqwu| 2 +j2

2
' f,

;1<14 Rswlpdo sulfh vhwwlqj

D �up lq frxqwu| � fkrrvhv d sulfh lq frxqwu| � fxuuhqf| iru grphvwlf vdohv/ ���| E��/

dqg d sulfh lq frxqwu| 2 fxuuhqf| iru h{sruw vdohv/ �2�| E��/ lq rughu wr pd{lpl}h=

.|3�

+
�
34
�|

��|

d���| E���`�|o?

�
���| E��

���|

�
3b

��|��|

���|

,

n.|3�

+
�
34
�|

��|

d7|�2�| E���`�|o E�� ?�

�
�2�| E��

�2�|

�
3b

�2|�2|

�2�|

,

Xvlqj wkh oderu vxsso| +8, dqg wkh idfw wkdw �upv duh lghqwlfdo lq htxloleulxp/ wkh rswlpdo

sulfhv duh=

���| '
b#

b� �

.|3���|��|

.|3��
�34
�|

/ �2�| '
b#

b� �

.|3��2|�2|

.|3�
7|�2|
��|

�2|�
34
�|

D �up lq frxqwu| 2 fkrrvhv d sulfh lq frxqwu| 2 fxuuhqf| iru grphvwlf vdohv/ �22| E��/ dqg d

sulfh lq frxqwu| 2 fxuuhqf| iru h{sruw vdohv + ���2| E��,1 Erwk sulfhv duh lq wkh vdph fxuuhqf|/

exw duh qrw qhfhvvdulo| htxdo1 Wkh �up pd{lpl}hv=

.|3�

;?
=�

34
2|

�2|

k
���2| E���`2|

l
?

%
���2| E��
���2|

&
3b

��|��|

7| ���2|

<@
>

n.|3�

+
�
34
2|

�2|

d�22| E���`2|o E�� ?�

�
�22| E��

�22|

�
3b

�2|�2|

�22|

,
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Wkh rswlpdo sulfhv duh jlyhq e|=

���2| '
b#

b� �

.|3�7
3�

|
��|��|

.|3�
��|
7|�2|

��|�
34
2|

/ �22| '
b#

b� �

.|3��2|�2|

.|3��
�34
2|

;1<15 Yrodwlolw|

Wkh yrodwlolw| ri frqvxpswlrqv dqg wkh h{fkdqjh udwh lv gulyhq e| wkh prqh| pdunhw

htxloleuld +9, dqg +;,1 Rplwwlqj frqvwdqw whupv zh zulwh wkhp lq orjdulwkpv dv=

6�| � R�| 2 4S�| / 62| � R2| 2 4S2|

R2| lv qrw vwrfkdvwlf dv doo frqvxphu sulfhv duh suhvhw lq frxqwu| 21 R�|  xfwxdwhv dv h{fkdqjh

udwh  xfwxdwlrqv duh sdvvhg wkurxjk wr lpsruw sulfhv= R�| 2 E�� ?� r|1 Zh wkhuhiruh zulwh=

S�| 2
�

4
6�| �

�

4
E�� ?� r| / S2| 2

�

4
62|

Dv zh irfxv rq wkh fdvh zkhuh j2

2
' f frqvxpswlrq lv qrq0vwrfkdvwlf lq frxqwu| 21

Vwduwlqj zlwk wkh edo prgho/ zh zulwh wkh edodqfhg wudgh frqglwlrq +48, lq orjdulwkpv

dv=

r| n R2| � R�| ' S�| � S2| , r| 2
�

?
S�|

Vxevwlwxwlqj lq wkh prqh| pdunhw htxloleuld zh rewdlq

S�| 2
?

� n ? E4� ��
6�| / r| 2

�

� n ? E4� ��
6�|

Wkhvh uhodwlrqv lpso| wkh iroorzlqj yduldqfh 2 fryduldqfh vwuxfwxuh=

j2 ES�|�edo ' E� n ? E4� ���32 ?2j2

�

j2 Er|�edo ' E� n ? E4� ���32 j2

�

j Er|c S�|�edo ' E� n ? E4� ���32 ?j2

�

Wxuqlqj wr wkh frps prgho/ zh zulwh wkh rswlpdo ulvn vkdulqj frqglwlrq +47, lq orjd0

ulwkpv dv=

r| n R2| � R�| ' 4S�| � 4S2| , r| 2
4

?
S�|
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Vxevwlwxwlqj lq wkh prqh| pdunhw htxloleuld zh rewdlq=

S�| 2
?

4
6�| / r| 2 6�|

Zklfk lpsolhv wkh iroorzlqj yduldqfh 2 fryduldqfh vwuxfwxuh=

j2 ES�|�frps ' 432?2j2

�

j2 Er|�frps ' j2

�

j Er|c S�|�frps ' 43�?j2

�

Frpsdulqj wkh edo dqg frps prgho/ zh vhh wkdw=

j2 ES�|�frps 	 j2 ES�|�edo

j2 Er|�frps : j2 Er|�edo

j Er|c S�|�frps : j Er|c S�|�edo / 4 :

�
�� ?

?

�2

;1<16 Sulfhv dqg h{shfwhg frqvxpswlrq

Wkh edo prgho Zh vwduw zlwk wkh sulfhv lq frxqwu| 2 zkhuh qr sulfhv uhdfw wr wkh

h{fkdqjh udwh1 Uhfdoolqj wkh gh�qlwlrq ri wkh frqvxphu sulfh lqgh{/ �2| ' �?
2�|�

�3?
22| / zh

frpelqh wkh rswlpdo sulfhv wr zulwh=

� '
b#

b� �
�2|

�
�

.|3��
�34

�|

�?�
�

�
�34

2|

��3?

Xvlqj wkh surshuwlhv ri wkh orj qrupdo glvwulexwlrq/ vrph dojheud ohdgv wr=

f ' *?

�
b#

b� �

�
n ? E4� ��.|3�S�| � ?

E4� ��2

2
j2 ES�|�

n d� n E�� ?� E4� ��o S2|

Wxuqlqj wr wkh sulfhv lq frxqwu| �/ zh frpelqh wkh gh�qlwlrq ri wkh frqvxphu sulfh lqgh{/

��| ' �?
��|

�
7|

���2|

�
�3?

/ zlwk wkh rswlpdo sulfhv wr zulwh=

� '
b#

b� �

�
.|3�7

�3?
| ��|

.|3��
�34

�|

�?�
.|3�7

3?
| ��|

�
�34

2|

��3?
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Diwhu vrph dojheud/ zh fdq uhzulwh wklv h{suhvvlrq dv=

f ' *?

�
b#

b� �

�
n

? E�� ?�

2
j2 Er|�

n d� n ? E4� ��o.|3�S�| n
�� ? E4� ��2

2
j2 ES�|�

n E�� ?� E4� �� S2|

Frpelqlqj rxu uhvxowv/ zh ghulyh wkh h{shfwhg orjdulwkp frqvxpswlrqv dv=

.|3�S�| ' �
�

4
*?

�
b#

b� �

�
� ? E�� ?�

� n E�� ?� E4� ��

24
j2 Er|�

�
�

2
j2 ES�|� n

4� �

2
?j2 ES�|�

S2| ' �
�

4
*?

�
b#

b� �

�
n ? E�� ?�

? E4� ��

24
j2 Er|� n

4� �

2
?j2 ES�|�

Wklv doorzv xv wr ghulyh wkh h{shfwhg frqvxpswlrq ohyhov dv iroorzv=

.|3���|edo '

�
b#

b� �

�
3

�

4

i T

�
�? E�� ?�

� n E�� ?� E4� ��

24
j2 Er|�edo n

4� �

2
?j2 ES�|�edo

�

�2|edo '

�
b#

b� �

�
3

�

4

i T

�
? E�� ?�

? E4� ��

24
j2 Er|�edo n

4� �

2
?j2 ES�|�edo

�

Lq dgglwlrq/ zh ghulyh wkh h{shfwhg srzhu frqvxpswlrqv dv=

.|3��
�34
�|edo '

�
b#

b� �

� 43�

4

i T

5
7 E4� ��? E�� ?� �nE�3?�E43��

24
j2 Er|�edo

n443�
2
j2 ES�|�edo �

E43��2

2
?j2 ES�|�edo

6
8

�
�34
2|edo '

�
b#

b� �

� 43�

4

i T

5
7 � E4� ��? E�� ?� ?E43��

24
j2 Er|�edo

� E43��2

2
?j2 ES�|�edo

6
8

Wkh frps prgho Zh qrz wxuq wr wkh frps prgho1 Frpelqlqj wkh frqvxphu sulfh

lqgh{ lq frxqwu| 2/ �2| ' �?
2�|�

�3?
22| / zlwk wkh rswlpdo sulfhv/ zh rewdlq wkh h{shfwhg frq0

vxpswlrq=

�2|frps '

�
b#

b� �

�
3

�

4

Wxuqlqj wr frxqwu| �/ zh frpelqh wkh rswlpdo sulfhv zlwk wkh h{suhvvlrq iru wkh frqvxphu

sulfh lqgh{/ ��| ' � ?
��|

�
7|

���2|

��3?

/ wr zulwh=

� '
b#

b� �

�
.|3�7

�3?
| ��|

�? �
.|3�7

3?
| ��|

��3?
.|3��

�34
�|
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Diwhu vrph dojheud/ zh rewdlq=

f ' *?

�
b#

b� �

�
n 4.|3�S�| �

E�� 4�2

2
j2 ES�|�

n
?

2

�
E�� ?�2 j2 Er|� n j2 ES�|�

�
n

E�� ?�

2

�
?2j2 Er|� n j2 ES�|�

�
Zklfk ohdgv xv wr wkh h{shfwhg frqvxpswlrq=

.|3���|frps '

�
b#

b� �

�
3

�

4

i T

�
4� �

2
j2 ES�|�frps �

? E�� ?�

24
j2 Er|�frps

�

Zh fdq dovr frpsxwh wkh h{shfwhg srzhu frqvxpswlrqv dv=

.|3��
�34

�|frps '

�
b#

b� �

� 43�

4

i T

�
4� �

2
j2 ES�|�frps n

? E�� ?� E4� ��

24
j2 Er|�frps

�

�
�34

2|frps '

�
b#

b� �

� 43�

4

Frpsdulqj wkh edo dqg frps prgho/ zh fdq vkrz wkdw=

�2|frps

�2|edo

' i T

�
�
4� �

24

?2

� n ? E4� ��
j2

�

�
	 �

�
�34

2|frps

�
�34

2|edo

' i T

%
?2 E4� ��2

2 E� n ? E4� ���
j2

�

&
: �

Wkh lpsdfw rq h{shfwhg frqvxpswlrq lq frxqwu| � lv dpeljxrxv lq jhqhudo1 Qrwh krzhyhu

wkdw li zh frqvlghu wzr frxqwulhv ri lghqwlfdo vl}h +? ' f�D, zh fdq zulwh=

��|frps

��|edo

' i T

%
�
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