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Rq wkh Glvwulexwlrqdo H�hfwv ri H{fkdqjh

Udwh Ioxfwxdwlrqv

Fìgulf Wlooh

Ihghudo Uhvhuyh Edqn ri Qhz \run �

Iheuxdu| 43/ 5335

Devwudfw

Wkh sdshu vwxglhv wkh gl�huhqwldo lpsdfw ri h{fkdqjh udwh  xfwxd0

wlrqv rq krxvhkrogv lq d frxqwu|1 L h{whqg hduolhu uhvhdufk e| uhod{lqj

wkh dvvxpswlrq ri frpsohwh lqwhuqdwlrqdo vhfwrudo vshfldol}dwlrq1 P|

vhwxs doorzv iru wkh suhvhqfh ri vhyhudo gl�huhqw vhfwruv lq d jlyhq

frxqwu|/ hdfk surgxflqj d gl�huhqw w|sh ri jrrg1 Frpelqhg zlwk lq0

frpsohwh dvvhw pdunhwv/ wkh vhfwrudo glphqvlrq ohdgv wr d khwhurjhqrxv

lpsdfw ri h{fkdqjh udwh  xfwxdwlrq zlwklq hdfk frxqwu|1 Lq sduwlf0

xodu/ dowkrxjk d ghsuhfldwlrq ri d frxqwu|*v fxuuhqf| kdv dq dgyhuvh

�ehjjdu0wk|vhoi� h�hfw iru wkh frxqwu| dv d zkroh/ d plqrulw| ri krxvh0

krogv ehqh�w1

Nh|zrugv= zhoiduh/ h{fkdqjh udwh  xfwxdwlrqv/ lqwhuqdwlrqdo frp0

shwlwlyhqhvv1

MHO fodvvl�fdwlrq= I64/ I74/ I75

�Hpdlo= fhgulf1wloohCq|1iue1ruj1 L wkdqn Euldq Gr|oh/ Sdror Shvhqwl/ dqg vhplqdu sdu0

wlflsdqwv dw wkh 5334 phhwlqj ri wkh Dphulfdq Hfrqrplf Dvvrfldwlrq/ wkh 5334 phhwlqj ri

wkh Hxurshdq Hfrqrplf Dvvrfldwlrq/ wkh Vzlvv Vrflhw| ri Hfrqrplfv dqg Vwdwlvwlfv/ wkh

Ihghudo Uhvhuyh Edqn ri Qhz \run/ Wloexuj Xqlyhuvlw|/ wkh Hxurshdq Fhqwudo Edqn dqg

wkh Xqlyhuvlw| ri Pxqlfk iru ydoxdeoh frpphqwv1 Wkh ylhzv h{suhvvhg lq wklv sdshu duh

wkrvh ri wkh dxwkru dqg duh qrw qhfhvvdulo| uh hfwlyh ri ylhzv dw wkh Ihghudo Uhvhuyh Edqn

ri Qhz \run ru wkh Ihghudo Uhvhuyh V|vwhp1
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4 Lqwurgxfwlrq

Wkh dvvhvvphqw ri wkh lqwhuqdwlrqdo vslooryhuv ri prqhwdu| srolf| wkurxjk
h{fkdqjh udwh  xfwxdwlrqv dv uhfhlyhg uhqhzhg dwwhqwlrq lq wkh olwhudwxuh1
Wklv uhqhzdo kdv ehhq vsxuuhg e| wkh plfur0irxqghg jhqhudo htxloleulxp
vhwxs lqwurgxfhg e| Revwihog dqg Urjr� +4<<9/ 4<<8, wkdw doorzv iru d zhoiduh
dqdo|vlv wkdw lv ehwwhu jurxqghg wkdq hduolhu pruh dg0krf dssurdfkhv1

Wkh edvlf vhwxs kdv ehhq h{whqghg lq vhyhudo gluhfwlrqv/ zlwk Hqjho
+5334,/ Odqh +5334, dqg Vduqr +5334, surylglqj uhfhqw vxuyh|v1 Rqh ri wkh
pdlq dyhqxh ri uhvhdufk vwuhvvhv wkh uroh sod|hg e| wkh ghjuhh ri vxevwlwxwdelo0
lw| ehwzhhq krph dqg iruhljq jrrgv +Fruvhwwl dqg Shvhqwl +5333, dqg Wlooh
+5334,,1 Wkh fhqwudo uhvxow lv wkdw zkhq wkh jrrgv surgxfhg e| gl�huhqw
frxqwulhv duh srru vxevwlwxwhv/ d frxqwu| vx�huv iurp dq dgyhuvh *ehjjdu0
wk|vhoi* zhoiduh h�hfw zkhq lwv fxuuhqf| ghsuhfldwhv/ dv wkh pdlq lpsdfw lv
d zruvhqlqj ri wkh whupv ri wudgh1 Wkh olplwhg ghjuhh ri vxevwlwxwdelolw|
ehwzhhq jrrgv surgxfhg lq gl�huhqw frxqwulhv lv d fhqwudo ihdwxuh ri vhyhudo
sdshuv h{sorulqj d krvw ri lvvxhv lq lqwhuqdwlrqdo pdfurhfrqrplfv14

Doo wkhvh frqwulexwlrqv duh krzhyhu exlow rq d uhvwulfwlyh dvvxpswlrq uh0
jduglqj wkh vwuxfwxuh ri wkh zruog hfrqrp|/ qdpho| wkdw wkhuh lv frpsohwh
vhfwrudo vshfldol}dwlrq dprqj frxqwulhv1 Xqghu wkh xvxdo Gl{lw0Vwljolw} vshf0
l�fdwlrq ri suhihuhqfhv/ frqvxphuv doorfdwh wkhlu sxufkdvhv �uvw dfurvv w|shv
ri jrrgv wkdw duh srru vxevwlwxwhv +wh{wlohv dqg fduv iru lqvwdqfh,/ dqg wkhq
dfurvv kljko| vxevwlwxwdeoh eudqgv iru hdfk w|sh1 Xqghu wkh suhydohqw dv0
vxpswlrq ri frpsohwh vhfwrudo vshfldol}dwlrq/ d sduwlfxodu w|sh lv surgxfhg
rqo| lq rqh frxqwu|1 Wklv vshfl�fdwlrq kdv wzr vljql�fdqw gudzedfnv1 Iluvw lw
lpsolhv wkdw lqwhuqdwlrqdo wudgh lv sxuho| lqwhuvhfwrudo/ lq wkh vhqvh wkdw hdfk
frxqwu| h{sruwv d jlyhq w|sh dqg lpsruwv rwkhu w|shv1 Wklv lv qrw frqvlvwhqw
zlwk wkh vw|ol}hg idfw wkdw d vxevwdqwldo vkduh ri wudgh frqvlvwv ri lqwud0
lqgxvwu| wudgh/ zkhuh d frxqwu| h{sruwv vrph eudqgv ri d jlyhq w|sh zkloh
lpsruwlqj rwkhu eudqgv ri wkh vdph w|sh +Juxeho dqg Oor|g +4<:8,,1 Vhfrqg/
lw devwudfwv iurp dq| lqwhu0vhfwrudo lvvxhv zlwklq frxqwulhv1 Wklv rplvvlrq lv
vljql�fdqw dv vhyhudo hpslulfdo vwxglhv kdyh vwuhvvhg wkh vhfwrudo khwhurjhqh0

4Vhh iru lqvwdqfh Ehqljqr dqg Ehqljqr +5333,/ Fkdul/ Nhkrh dqg PfJudwwdq +5333,/
Fruvhwwl dqg Shvhqwl +5334,/ Ghyhuhx{ dqg Hqjho +5333,/ Ghyhuhx{/ Hqjho dqg Wlooh +4<<<,/
Revwihog dqg Urjr� +5333d/e,1
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lw| ri wkh lpsdfw ri h{fkdqjh udwh  xfwxdwlrqv +Jrogehuj dqg Fdpsd +5333,/
Jrogehuj dqg Wudf| +5334,/ Jrxulqfkdv+4<<;,,1

Wklv sdshu dgguhvvhv wklv vkruwfrplqj e| exloglqj d pruh jhqhudo vhwxs
wkdw grhv qrw lpsrvh frpsohwh vhfwrudo vshfldol}dwlrq/ dqg ohw doo frxqwulhv
surgxfh doo w|shv ri jrrgv1 Wkh ghjuhh ri vhfwrudo vshfldol}dwlrq idoov lq dq
lqwhuydo ehwzhhq wkh fdvh zlwk qr vshfldol}dwlrq/ zkhuh wkh surgxfwlrq vwuxf0
wxuh lv wkh vdph lq doo frxqwulhv/ dqg wkh fdvh zlwk frpsohwh vshfldol}dwlrq15

Qrwh wkdw zh pdlqwdlq wkh xvxdo dvvxpswlrq ri frpsohwh vshfldol}dwlrq dw
wkh eudqg ohyho/ dv hdfk eudqg lv surgxfhg rqo| e| rqh �up1 Wkhuhiruh/ d
frxqwu| h{sruwv vrph eudqgv ri hdfk w|sh zkloh lpsruwlqj rwkhu eudqgv ri
wkh vdph w|sh/ exw qr eudqg lv vlpxowdqhrxvo| surgxfhg lq gl�huhqw frxq0
wulhv1 Ixuwkhupruh wkh ghjuhh ri vshfldol}dwlrq lv dvvxphg h{rjhqrxvo|/ dqg
lv qrw wkh hqgrjhqrxv frqvhtxhqfh ri gl�huhqw idfwru hqgrzphqwv dv lv wkh
fdvh lq wudgh prghov1

Wkh hpskdvlv ri wkh dqdo|vlv lv rq wkh glvwulexwlrqdo h�hfwv ri h{fkdqjh
udwh  xfwxdwlrqv1 Hdfk krxvhkrog vshfldol}hv lq wkh surgxfwlrq ri d eudqg/
dqg dvvhw pdunhwv duh lqfrpsohwh1 Wklv ohdgv wr d vhjphqwdwlrq ri krxvhkrogv
lq d frxqwu| dffruglqj wr wkh w|sh ri jrrg wkh| surgxfh +wh{wloh pdnhuv dqg
fdu pdnhuv,1 Zh vkrz wkdw h{fkdqjh udwh  xfwxdwlrqv kdyh vkduso| gl�huhqw
frqvhtxhqfhv iru gl�huhqw krxvhkrogv/ dv lw d�hfwv wkhlu sulfh frpshwlwlyhqhvv
lq dq khwhurjhqrxv zd|1 Wkh krxvhkrogv zkr frpshwh prvwo| djdlqvw iruhljq
^grphvwlf` surgxfhuv ehqh�w iurp d odujh ^qhjoljleoh` jdlq lq frpshwlwlyhqhvv
iroorzlqj d ghsuhfldwlrq1 Wklv khwhurjhqhlw| fduulhv wkurxjk wr wkh zhoiduh
uhvxowv1 Lq sduwlfxodu/ zkhuhdv wkh dgyhuvh *ehjjdu0wk|vhoi* h�hfw ri d ghsuh0
fldwlrq vwuhvvhg e| Wlooh +5334, uhpdlqv ydolg iru wkh frxqwu| dv d zkroh/ lw lv
frqfhqwudwhg rq d pdmrulw| ri krxvhkrogv zkloh d plqrulw| dfwxdoo| ehqh�wv1

Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh prgho lv suhvhqwhg lq vhfwlrq
51 Vhfwlrq 6 glvfxvvhv wkh lpsdfw ri dq h{fkdqjh udwh ghsuhfldwlrq/ erwk
lq srvlwlyh dqg qrupdwlyh whupv1 Wkh uhvxowv duh looxvwudwhg e| d qxphulfdo
h{dpsoh lq vhfwlrq 7/ dqg vhfwlrq 8 frqfoxghv1 Zh irfxv rq wkh pdlq uhvxowv
dqg wkh ghwdlohg vwhsv duh suhvhqwhg lq wkh Dsshqgl{1

5Wkh prgho frpsduhv wr Iduxthh +4<<9,1
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5 Wkh prgho

514 Jhrjudsklf dqg surgxfwlrq vwuxfwxuh

Wkh zruog lv pdgh ri wzr frxqwulhv/ krph dqg iruhljq1 Wkhuh lv d frqwlq0
xxp ri frqvxphu 0 surgxfhu krxvhkrogv xqlirupo| glvwulexwhg dorqj d xqlw
lqwhuydo1 Iru vlpsolflw| zh frqvlghu wkdw erwk frxqwulhv kdyh wkh vdph vl}h=
krxvhkrogv rq wkh dfc �*2� lqwhuydo duh uhvlghqwv ri wkh krph frxqwu|/ zkhuhdv
krxvhkrogv rq wkh d�*2c �o lqwhuydo olyh lq wkh iruhljq frxqwu|1

Wzr w|shv ri jrrgv duh dydlodeoh iru frqvxpswlrq/ ghqrwhg e| � dqg �
+wh{wlohv dqg fduv iru h{dpsoh,1 Hdfk w|sh frqvlvwv ri d frqwlqxxp ri eudqgv1
Wkh prgho lv fkdudfwhul}hg e| prqrsrolvwlf frpshwlwlrq/ dv hdfk krxvhkrog
lv wkh vroh surgxfhu ri d sduwlfxodu eudqg1 Iru vlpsolflw| zh frqvlghu wkdw
wkh pdvv ri eudqgv/ htxdo wr wkh pdvv ri krxvhkrogv/ lv hyhqo| glvwulexwhg
dfurvv jrrg w|shv/ vr wkdw hdfk w|sh frqvlvwv ri d pdvv �*2 ri eudqgv1 Wkh
fhqwudo ihdwxuh ri wklv sdshu lv wr doorz iru d jhqhudo surgxfwlrq vwuxfwxuh
e| qrw uhvwulfwlqj hdfk frxqwu| wr surgxfh eudqgv ri rqo| rqh w|sh1 Lq0
vwhdg gl�huhqw eudqgv iurp erwk w|shv fdq eh surgxfhg lq erwk frxqwulhv1
Pruh vshfl�fdoo| zh lqwurgxfh d sdudphwhu � 5 df�Dc �o/ uhihuuhg wr dv wkh
ghjuhh ri vhfwrudo vshfldol}dwlrq1 Zlwkrxw orvv ri jhqhudolw| zh dvvxph wkdw
wkh krph frxqwu| vshfldol}hv wr vrph h{whqw lq surgxflqj w|sh �1 Lq wkh
krph frxqwu|/ krxvhkrogv orfdwhg rq wkh dfc f�D�� lqwhuydo surgxfh eudqgv
ri w|sh �/ zkhuhdv krxvhkrogv orfdwhg rq wkh df�D�c f�D� lqwhuydo surgxfh
eudqgv ri w|sh �1 Wxuqlqj wr wkh iruhljq frxqwu|/ krxvhkrogv orfdwhg rq wkh
df�Dc f�D E2� ��� lqwhuydo surgxfh eudqgv ri w|sh �/ zkloh krxvhkrogv orfdwhg
rq wkh df�D E2� �� c �o lqwhuydo surgxfh eudqgv ri w|sh �1 Wkh doorfdwlrq lv
vxppdul}hg lq Wdeoh 4=

Wdeoh 4= Surgxfwlrq vwuxfwxuh
W|sh

Udqjh Frxqwu|
surgxfhg

Pdvv

f 0 f�D� Krph � f�D�
f�D� 0 f�D Krph � f�D E�� ��
f�D 0 f�D E2� �� Iruhljq � f�D E�� ��

f�D E2� �� 0 � Iruhljq � f�D�

Rxu vhwxs lpsolhv wkdw d iudfwlrq � 5 df�Dc �o ri krxvhkrogv lq wkh krph
frxqwu| surgxfh eudqgv ri w|sh �/ dqg wkh vdph iudfwlrq ri iruhljq krxvh0
krogv surgxfh eudqgv ri w|sh �1 Iljxuh 4 looxvwudwhv ydulrxv fdvhv/ zlwk
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wkh ohiw ^uljkw` vtxduhv uhsuhvhqwlqj wkh pdvv ri krxvhkrogv lq wkh krph ^iru0
hljq` frxqwu|1 Wkh wrs sdqho looxvwudwhv wkh vlwxdwlrq xqghu frpsohwh vhfwrudo
vshfldol}dwlrq +� ' �, zkhuh hdfk frxqwu| surgxfhv rqo| rqh w|sh1 Lq wkh
plggoh sdqho/ vhfwrudo vshfldol}dwlrq lv sduwldo +f�D 	 � 	 �,= prvw/ exw qrw
doo/ krph krxvhkrogv surgxfh eudqgv ri w|sh �/ wkh vlwxdwlrq ehlqj pluuruhg
lq wkh iruhljq frxqwu|1 Ilqdoo| wkh erwwrp sdqho vkrzv wkh fdvh zkhuh wkhuh
lv qr vhfwrudo vshfldol}dwlrq +� ' f�D, dqg wkh surgxfwlrq vwuxfwxuh lv wkh
vdph lq erwk frxqwulhv1

515 Lqwudwhpsrudo frqvxpswlrq doorfdwlrq

Wkh remhfwlyh ri d krph krxvhkrog lqgh{hg e| }/ dw wlph | lv wr pd{lpl}h
khu lqwhuwhpsrudo xwlolw|=

L}
| '

"[
r'f

qr

+
*? E�}

|nr��
V

2
Et }

|nr�
2 n � *?

#
�}

|nr

�|nr

$,
+4,

zkhuh q 5 Efc �� lv wkh glvfrxqw udwh/ dqg �/ V duh srvlwlyh vfdolqj sdudphwhuv1
Wkh �uvw whup lv wkh xwlolw| ri frqvxpswlrq/ zkhuh �} lv d frqvxpswlrq edvnhw
gh�qhg ehorz1 Wkh vhfrqg whup uhsuhvhqwv wkh frvw ri h�ruw/ t } ehlqj wkh
rxwsxw surgxfhg e| wkh krxvhkrog1 Wkh odvw whup fdswxuhv wkh xwlolw| iurp
oltxlglw| vhuylfhv/ zkhuh �} duh wkh qrplqdo edodqfhv dqg � wkh frqvxphu
sulfh lqgh{1 Wkh ixqfwlrqdo irup lq +4, lv idluo| vshfl�f dqg lv fkrvhq lq rughu
wr nhhs wkh frpsoh{lw| ri wkh dqdo|vlv wr d plqlpxp1

Wkh ryhudoo frqvxpswlrq edvnhw/ �}/ lv d FHV djjuhjdwh ri wkh wzr dydlo0
deoh w|shv ri jrrgv � dqg �=

�} '

5
7��

2

� �

4

E�} E���
43�

4 n
�
�

2

��

4

E�} E���
43�

4

6
8

4
43�

zkhuh �} E�� dqg �} E�� duh vxelqgh{hv ri wkh frqvxpswlrq ri jrrgv ri w|sh
� dqg w|sh � uhvshfwlyho|1 4 � � lv wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq
w|shv16 Hdfk vxelqgh{ lv lq wxuq d FHV djjuhjdwh dfurvv wkh dydlodeoh eudqgv1
Eudqgv surgxfhg lq wkh krph frxqwu| duh lqgh{hg e| 5M / dqg eudqgv sur0
gxfhg lq wkh iruhljq frxqwu| duh lqgh{hg e| 58 1 Wkh vxelqgh{hv duh=

�} E�� '

%
2
�

w

] f�D�

f

�
�}

�
�c 5M

�� w3�
w _5M n 2

�

w

] f�DE23��

f�D

�
�}

�
�c 58

�� w3�
w _58

& w
w3�

6Iru vlpsolflw|/ zh devwudfw iurp wkh fdvhv zkhuh 3 ? � ? 41
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�} E�� '

%
2
�

w

] f�D

f�D�

�
�}

�
�c 5M

�� w3�
w _5M n 2

�

w

] �

f�DE23��

�
�}

�
�c 58

�� w3�
w _58

& w
w3�

�} E�c 5� dqg �} E�c 5� ghqrwh wkh frqvxpswlrq ri d sduwlfxodu eudqg 5 +5M

ru 58 , ri w|sh � dqg � uhvshfwlyho|1 w : � lv wkh hodvwlflw| ri vxevwlwxwlrq
ehwzhhq wzr eudqgv ri wkh vdph w|sh1

D fhqwudo ihdwxuh ri wkh prgho lv wkdw wkhuh lv pruh vxevwlwxwdelolw| eh0
wzhhq eudqgv ri d jlyhq w|sh wkdq ehwzhhq w|shv/ wkdw lv= � � 4 � w1

Wkh lqwudwhpsrudo doorfdwlrq ri frqvxpswlrq dfurvv eudqgv lv ghulyhg lq
wkh xvxdo zd| dqg wkh uhvxowv duh suhvhqwhg lq Wdeoh 51 Wkh krph fxuuhqf|
sulfhv idfhg e| d krph frqvxphu duh gh�qhg dv iroorzv= �� E5� dqg �� E5�
duh wkh sulfhv ri d eudqg 5 +5M ru 58 , ri w|sh � dqg �/ uhvshfwlyho|/ �� dqg
�� duh wkh sulfh lqgh{hv ri w|sh � dqg�/ uhvshfwlyho|/ dqg � lv wkh frqvxphu
sulfh lqgh{1 Yduldeohv iru wkh iruhljq frxqwu| duh ghqrwhg e| dvwhulvnv dqg
duh gh�qhg lq d zd| vlplodu wr wkhlu frxqwhusduwv iru wkh krph frxqwu|1

Wdeoh 5= Frqvxpswlrq doorfdwlrq

�} E�c 5�'
k
��E5�
��

l
3w k

��

�

l
34

�} �} E�c 5�'
k
��E5�
��

l
3w k

��

�

l
34

�}

�}W E�c 5�'
k
��WE5�
��W

l
3w k

��W

�W

l
34

�}W �}W E�c 5�'
k
��WE5�
��W

l
3w k

��W

� W

l
34

�}W

Wkh sulfh lqgh{hv lq wkh krph frxqwu| duh suhvhqwhg lq Wdeoh 6/ dqg uhsuhvhqw
wkh plqlpxp h{shqglwxuh uhtxluhg wr sxufkdvh rqh xqlw ri wkh fruuhvsrqglqj
edvnhw1

Wdeoh 6= Sulfh lqgh{hv

��'
�
2
U f�D�
f

�
��E5M

��3w
_5M n 2

U f�DE23��
f�D

�
��

�
58

���3w
_58
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�3w

��'
�
2
U f�D
f�D�

�
��

�
5M

���3w
_5M n 2

U �
f�DE23��

�
��

�
58

���3w
_58

� �

�3w

�'
�
�
2

�
��

��34
n �

2

�
��

��34� �

�34

Wkurxjkrxw wkh sdshu zh dvvxph wkdw wkh odz ri rqh sulfh krogv= � } E5� '
7� W} E5�/ zkhuh } ' �c� dqg 7 lv wkh qrplqdo h{fkdqjh udwh gh�qhg dv wkh
qxpehu ri xqlw ri krph fxuuhqf| shu xqlw ri iruhljq fxuuhqf|1 Dv doo jrrgv
duh wudghg/ wkh odz ri rqh sulfh wkhq dovr krogv= � ' 7� W1
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516 Lqwhuwhpsrudo rswlpl}dwlrq

Kdylqj ghulyhg wkh lqwud0whpsrudo doorfdwlrq ri frqvxpswlrq/ zh qrz
wxuq wr wkh exgjhw frqvwudlqw1 Hdfk krxvhkrog fdq krog wzr dvvhwv= grphv0
wlf prqh| dqg d qrplqdo erqg ghqrplqdwhg lq krph fxuuhqf|1 Ilqdqfldo
pdunhwv duh wkhuhiruh lqfrpsohwh erwk dfurvv dqg zlwklq frxqwulhv/ dv krxvh0
krogv fdqqrw wudgh frqwlqjhqw fodlpv1 Zkhuhdv wkh dvvxpswlrq ri lqfrpsohwh
pdunhwv dfurvv frxqwulhv lv vwdqgdug/ wkh lqfrpsohwhqhvv ri pdunhwv zlwklq
frxqwulhv fdq dsshdu pruh glvsxwdeoh1 Zh frqfhgh wkdw lv wrr h{wuhph/ dv
lq uhdolw| krxvhkrogv krog vkduhv lq �upv rwkhu wkdq wkh rqh wkh| zrun lq1
Vxfk d vhfwrudo sruwirolr glyhuvl�fdwlrq lv krzhyhu olplwhg1 Ixuwkhupruh/ wkh
dvvxpswlrq ri lqfrpsohwh pdunhwv zlwklq frxqwulhv surylghv d xvhixo ehqfk0
pdun dv lw doorzv xv wr dqdo|}h wkh khwhurjhqrxv h�hfwv ri prqhwdu| vkrfnv
lq d wudfwdeoh zd|1

Zh ghqrwh erqg kroglqjv dw wkh ehjlqqlqj ri shulrg | e| �}
| dqg wkh

lqwhuhvw udwh sdlg ryhu shulrg | e| �|1 Wkh exgjhw frqvwudlqw lv wkhq=
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lv wkh sulfh fkdujhg e| wkh krxvhkrog iru wkh sduwlfxodu eudqg

vkh surgxfhv1 A } lv d oxps vxp wd{1 Wkh rswlpdo fkrlfh iru krxvhkrog } lv
jlyhq e|=
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+7,

+6, lv wkh Hxohu frqglwlrq uh hfwlqj wkh rswlpdo lqwhuwhpsrudo doorfdwlrq ri
frqvxpswlrq dqg +7, lv wkh prqh| ghpdqg1 Iru vlpsolflw| zh dvvxph wkdw
wkhuh duh qr jryhuqphqw vshqglqj dqg hdfk krxvhkrog lv uhsdlg lwv vhljqrudjh
wd{ dv d oxps0vxp wudqvihu= �}

| ��}
|3� ' �|A

}
| 1 Vlplodu frqglwlrqv fdq eh

ghulyhg iru d iruhljq krxvhkrog=
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517 Surgxfwlrq

Wkh ghpdqg idfhg e| d vshfl�f krxvhkrog iru wkh eudqg vkh surgxfhv lv
rewdlqhg e| djjuhjdwlqj wkh uhvxowv ri wdeoh 5 dfurvv doo krxvhkrogv zruogzlgh/
xvlqj wkh odz ri rqh sulfh=
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zkhuh �� '
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f�D
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�&_& n
U
�

f�D�
&W_& lv wkh zruogzlgh frqvxpswlrq1 Wkh rswl0

pdo sulfh vhwwlqj lq d  h{leoh sulfh iudphzrun ohdgv wr wkh xvxdo uhvxow wkdw
krxvhkrogv xvh wkhlu prqrsro| srzhu dqg fkdujh d pdunxs ryhu wkh pdujlqdo
frvw ri h�ruw=
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Lw lv lpsruwdqw wr uhdol}h wkdw +<,0+43, gr qrw qhfhvvdulo| krog1 Dv ghwdlohg
ehorz/ sulfhv gr qrw uhdfw lpphgldwho| iroorzlqj d vkrfn dqg rxwsxw lv wkhq
ghwhuplqhg e| wkh ghpdqgv +:,0+;,1

6 Wkh lpsdfw ri h{fkdqjh udwh  xfwxdwlrqv

614 Phwkrgrorj|

Rxu prgho ehlqj qrqolqhdu/ zh �uvw ghulyh wkh vroxwlrq iru d v|pphwulf
vwhdg| vwdwh/ dqg wkhq dqdo|}h wkh prgho lq whupv ri shufhqwdjh ghyldwlrqv
durxqg lw1 Lq wkh v|pphwulf vwhdg| vwdwh/ qr krxvhkrog kdv dq| qhw fodlpv
rq rwkhu krxvhkrogv= �} ' �}W ' f/ wkh lqwhuhvw udwh uh hfwv wkh glvfrxqw
idfwru/ dqg lv htxdo wr q3� � �1 Doo krxvhkrogv zruogzlgh duh lghqwlfdo dqg

hdfk frqvxphv dqg surgxfhv dq dprxqw �f '
t
Ew � �� * EwV�/ jlyhq e| wkh

rswlpdo sulfh vhwwlqj +<,0+43,1 Wklv ohyho ri rxwsxw lv vxerswlpdoo| orz eh0
fdxvh ri prqrsrolvwlf frpshwlwlrq/ zlwk wkh pdujlqdo xwlolw| ri frqvxpswlrq
h{fhhglqj wkh pdujlqdo frvw ri surgxfwlrq1

;



Wkh dqdo|vlv lv xqghuwdnhq lq whupv ri orj olqhdu dssur{lpdwlrqv durxqg
wkh v|pphwulf vwhdg| vwdwh/ dqg orzhufdvh ohwwhuv ghqrwh shufhqwdjh ghyld0
wlrqv iurp wkh v|pphwulf vwhdg| vwdwh= % ' Ef �ff� *ff1 Wkh rqo| h{0
fhswlrq lv erqg kroglqjv/ zklfk duh vfdohg e| qrplqdo frqvxpswlrq= K} '
�}* E�f�f�1

Wkh hfrqrp| lv lqlwldoo| dw wkh v|pphwulf vwhdg| vwdwh1 Dw wlph |/ lw lv
d�hfwhg e| d shupdqhqw prqhwdu| vkrfn +6|nr ' 76/ 6W

|n� ' 76W ;� � f,1
Zh irfxv rq prqhwdu| vkrfnv dv wkh| sod| d qrq0qhjoljleoh uroh lq wkh vkruw
uxq h{fkdqjh udwh yrodwlolw| +Urjhuv +4<<:,,1 Wkh hfrqrp| lv fkdudfwhul}hg
e| qrplqdo uljlglwlhv/ dv sulfhv fdqqrw lqvwdqwdqhrxvo| dgmxvw wr d vkrfn1
Lqvwhdg/ zh frqvlghu wkdw sulfhv duh vhw iru shulrg | +wkh vkruw uxq,/ dqg fdq
eh dgmxvwhg rqo| dw shulrg |n�1 Zh dvvxph wkdw sulfhv duh vhw lq wkh surgxfhu
fxuuhqf|/ dqg wkh  xfwxdwlrqv ri wkh h{fkdqjh udwh duh hqwluho| sdvv0wkurxjk
wr frqvxphu sulfhv1 Iurp shulrg | n � rq/ wkh hfrqrp| lv lq d qhz vwhdg|
vwdwh wkh zh uhihu wr dv wkh orqj uxq1 Wkh orqj uxq ydoxhv duh ghqrwhg e| dq
xsshu edu1

Iru hdfk frxqwu|/ zh gh�qh shu fdslwd yduldeohv dv zhljkwhg dyhudjhv
dfurvv erwk w|shv=

% ' �%� n E�� ��%� / %W ' E�� ��%�W n �%�W +44,

Zruogzlgh yduldeohv duh gh�qhg dv zhljkwhg dyhudjhv ri wkh frxqwu| shu
fdslwd yduldeohv=

%� '
�

2
%n

�

2
%W +45,

Zh dovr gh�qh zruogzlgh w|sh0vshfl�f yduldeohv dv zhljkwhg dyhudjhv dfurvv
doo krxvhkrogv ri d jlyhq w|sh lq erwk frxqwulhv=

%�� ' �%� n E�� �� %�W / %�� ' E�� �� %� n �%�W +46,

615 Dq lqwxlwlyh h{srvlwlrq ri wkh pdlq uhvxowv

Ehiruh ghulylqj wkh ghwdlohg uhvxowv/ zh ghvfuleh wkh xqghuo|lqj lqwxlwlrq1
Wkh nh| phfkdqlvp fdq eh xqghuvwrrg e| irfxvlqj rq wkh vkruw uxq h�hfw
ri d prqhwdu| h{sdqvlrq lq wkh krph frxqwu|1 Dv xvxdo/ vxfk dq h{sdqvlrq
ohdgv wr d ghsuhfldwlrq ri wkh krph fxuuhqf|1 Dv sulfhv duh vhw lq wkh sur0
gxfhu fxuuhqf|/ wkh h{fkdqjh udwh ghsuhfldwlrq lv sdvvhg0wkurxjk wr lpsruw
sulfhv/ lqfuhdvlqj wkhp lq wkh krph frxqwu| dqg uhgxflqj wkhp lq wkh iruhljq
frxqwu|1

<



E| orzhulqj wkh sulfh ri krph surgxfhg jrrgv uhodwlyh wr iruhljq surgxfhg
rqhv/ wkh ghsuhfldwlrq ri wkh krph fxuuhqf| jhqhudwhv d frpshwlwlyhqhvv jdlq
iru krph krxvhkrogv ylv0d0ylv wkhlu iruhljq frxqwhusduwv1 Wkh h{whqw ri wklv
jdlq lv krzhyhu vkduso| gl�huhqw ghshqglqj ri zklfk w|sh ri jrrg wkh krxvh0
krog surgxfhv1 Wkh fhqwudo hohphqw lv wkh qdwlrqdolw| ri wkh frpshwlwruv1 D
krph krxvhkrog ri w|sh � idfhv frpshwlwlrq prvwo| iurp rwkhu krph krxvh0
krogv/ dv wkhuh duh rqo| d plqrulw| ri iruhljq surgxfhuv ri w|sh �1 Wkh
frpshwlwlyh srvlwlrq ri d krph krxvhkrog lv wkhq olwwoh d�hfwhg e| wkh gh0
suhfldwlrq dv lw grhv qrw d�hfw khu uhodwlyh sulfh ylv0d0ylv wkh pdmrulw| ri
khu frpshwlwruv1 Wkh vlwxdwlrq lv vkduso| gl�huhqw iru d krph krxvhkrog ri
w|sh �/ zkr idfhv prvwo| iruhljq frpshwlwlrq1 Wkh ghsuhfldwlrq ri wkh krph
fxuuhqf| wkhq kdqgv khu d vljql�fdqw frpshwlwlyhqhvv jdlq e| uhgxflqj khu
sulfh ylv0d0ylv prvw ri khu frpshwlwruv1

Dv krph krxvhkrogv ri w|sh � ehqh�w iurp d odujhu frpshwlwlyhqhvv jdlq
wkdw krph krxvhkrogv ri w|sh �/ wkhlu vdohv dqg uhyhqxhv lqfuhdvh e| pruh1
Wkh gl�huhqfh lq uhyhqxhv wudqvodwh lqwr gl�huhqfhv lq frqvxpswlrq dqg vdy0
lqjv1 Dowkrxjk wkh sxufkdvlqj srzhu ri krph krxvhkrogv lv uhgxfhg e| lp0
sruwhg lq dwlrq/ wklv d�hfwv w|sh � dqg � lghqwlfdoo|1 Lq zhoiduh whupv/ wkh
gl�huhqfh lq whupv ri frqvxpswlrq lv rqo| sduwldoo| r�vhw e| kljkhu h�ruw1
Wkh krph krxvhkrogv ri w|sh � ehqh�w iurp d ghsuhfldwlrq e| pruh wkdq
wkhlu frxqwhusduwv ri w|sh �/ zkr pd| dfwxdoo| vx�hu lq devroxwh whupv1

616 Srvlwlyh dqdo|vlv

Kdylqj ghvfulehg wkh fhqwudo lqwxlwlrq ri wkh prgho/ zh qrz ghulyh wkh
srvlwlyh uhvxowv1 Wkh frpsohwh vwhsv duh suhvhqwhg lq wkh Dsshqgl{/ dqg
zh irfxv rq wkh pdlqv uhvxowv dqg wkhlu lqwhusuhwdwlrq1 Zlwkrxw orvv ri
jhqhudolw|/ zh frqvlghu d prqhwdu| h{sdqvlrq lq wkh krph frxqwu| + 76 :
f/ 76 � 76W : f,1 Wklv h{sdqvlrq ohdgv wkh h{fkdqjh udwh wr lpphgldwho|
ghsuhfldwh dqg wkhq uhpdlq frqvwdqw=
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zkhuh ( : f dqg Yr*Y� : f dv Y(*Y� 	 f1 Wkh vhqvlwlylw| ri wkh h{fkdqjh
udwh wr prqhwdu| vkrfnv lv kljkhu wkh kljkhu wkh ghjuhh ri vshfldol}dwlrq �1
Lqwxlwlyho| hdfk frxqwu| surgxfhv d edvnhw wkdw lv pdgh ri jrrgv ri erwk
w|shv/ doehlw wr gl�huhqw h{whqwv1 Li wkh ghjuhh ri vshfldol}dwlrq lv prghudwh
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+� lv forvh wr f�D,/ wkh krph dqg iruhljq edvnhwv duh forvh vxevwlwxwhv/ dqg
rqo| d prghudwh ghsuhfldwlrq ri wkh h{fkdqjh udwh lv qhhghg iru wkh hfrqrp|
wr dgmxvw wr wkh dv|pphwulf prqhwdu| vkrfn1 E| frqwudvw li wkh ghjuhh ri
vshfldol}dwlrq lv kljk +� lv forvh wr �,/ wkh wzr edvnhwv duh srru vxevwlwxwhv
dqg lw wdnhv d odujh ghsuhfldwlrq ri wkh h{fkdqjh udwh iru wkh hfrqrp| wr
dgmxvw1

Dv sulfhv duh vhw lq wkh surgxfhu*v fxuuhqf|/ wkh ghsuhfldwlrq d�hfwv wkh
frqvxphu sulfhv ri lpsruwv/ lqfuhdvlqj wkhp lq wkh krph frxqwu| dqg orz0
hulqj wkhp lq wkh iruhljq frxqwu|1 Wkh uhodwlyh sulfh ehwzhhq w|shv lv dovr
d�hfwhg1 Dv wkh krph frxqwu| vshfldol}hv lq eudqgv ri w|sh �/ wkh krph fxu0
uhqf| sulfh lqgh{ ri w|sh � lqfuhdvhv rqo| prghudwho|1 Wkh krph fxuuhqf|
sulfh lqgh{ iru w|sh � lqfuhdvhv e| pruh/ zlwk prvw eudqgv ehlqj lpsruwhg1
Wkh uhodwlyh sulfh ri w|sh � lv wkhq uhgxfhg=

R� � R� ' � E2� � �� r

Wklv uhodwlyh sulfh fkdqjh ohdgv wr d zruogzlgh frqvxpswlrq vzlwfklqj wr0
zdugv jrrgv ri w|sh �=

+�� � +�� ' 4 E2� � �� r

zkhuh +}� lv wkh dyhudjh shufhqwdjh fkdqjh lq rxwsxw iru krxvhkrogv surgxf0
lqj jrrgv ri w|sh }/ xvlqj wkh zhljkwlqj +46,1 Wkh frqvxpswlrq vzlwfklqj
wrzdugv w|sh � uhpdlqv prghudwh ehfdxvh ri wkh olplwhg vxevwlwxwdelolw|
ehwzhhq wkh w|shv1

E| pdnlqj krph surgxfhg jrrgv pruh frpshwlwlyh/ wkh ghsuhfldwlrq lq0
fuhdvhv wkh ghpdqg iru vxfk jrrgv dqg ohdgv wr dq rxwsxw errp lq wkh krph
frxqwu|=
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r +47,

Wkh hodvwlflw| ri wkh furvv0frxqwu| rxwsxw gl�huhqfh zlwk uhvshfw wr wkh gh0
suhfldwlrq/ 1 : f/ lv d frpelqdwlrq ri wkh vxevwlwxwdelolw| ehwzhhq w|shv ri
jrrgv/ 4/ dqg ehwzhhq eudqgv ri d jlyhq w|sh/ w/ zlwk wkh zhljkwv uh hfwlqj
wkh ghjuhh ri vshfldol}dwlrq/ �1 Li wkhuh lv olwwoh vshfldol}dwlrq +� lv forvh wr
f�D,/ wkh hodvwlflw| lv forvh wr wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq eudqgv/
w1 Wkh krph dqg iruhljq edvnhwv duh vlplodu/ dqg wkh| duh dv vxevwlwxwdeoh
dv eudqgv ri d jlyhq w|sh1 Wkh furvv0frxqwu| rxwsxw gl�huhqfh lv wkhq yhu|
vhqvlwlyh wr wkh h{fkdqjh udwh1 E| frqwudvw/ lv wkh ghjuhh ri vshfldol}dwlrq lv
kljk +� lv forvh wr �,/ wkh hodvwlflw| 1 lv forvh wr wkh hodvwlflw| ri vxevwlwxwlrq
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ehwzhhq w|shv ri jrrgv/ 41 Wkh krph dqg iruhljq edvnhwv duh srru vxevwl0
wxwhv/ dqg wkh furvv0frxqwu| rxwsxw gl�huhqfh lv ohvv d�hfwhg e| wkh h{fkdqjh
udwh1 +47, vkrzv wkdw wkh zhljkwv rq w dqg 4 duh qrq0olqhdu ixqfwlrqv ri wkh
ghjuhh ri vshfldol}dwlrq/ zlwk wkh zhljkw rq 4 uhpdlqlqj vpdoo iru orz ydoxhv
ri � dqg lqfuhdvlqj vljql�fdqwo| rqo| iru d kljk ghjuhh ri vshfldol}dwlrq17

Iroorzlqj vwhsv rxwolqhg lq wkh Dsshqgl{/ zh frpsxwh wkh vroxwlrq iru
wkh furvv0frxqwu| frqvxpswlrq gl�huhqfh dqg wkh fxuuhqw dffrxqw dv iroorzv=
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Wkh ghsuhfldwlrq ri wkh krph fxuuhqf| jhqhudwhv dq lqfuhdvh lq frqvxpswlrq
lq wkh krph frxqwu|1 Lqwxlwlyho| wkh lqfrph iurp wkh h{sruw errp/ + � +W/
lv odujh hqrxjk wr r�vhw wkh orvv ri sxufkdvlqj srzhu vwhpplqj iurp wkh
zruvhqlqj ri wkh whupv ri wudgh1 Wkh dgglwlrqdo lqfrph lv vshqw sduwo| rq
dgglwlrqdo frqvxpswlrq/ S� SW/ dqg sduwo| rq vdylqjv/ K� KW1 Wkh Dsshqgl{
vkrzv wkdw wkh fxuuhqw dffrxqw vxusoxv ohdgv krph krxvhkrogv wr lqfuhdvh
wkhlu frqvxpswlrq dqg uhgxfh wkhlu h�ruw lq wkh orqj uxq1

Wkh dqdo|vlv lq whupv ri furvv0frxqwu| gl�huhqfhv lv lqirupdwlyh rq wkh
vlwxdwlrq rq wkh dyhudjh krph krxvhkrog/ uhodwlyh wr wkh dyhudjh iruhljq
krxvhkrog1 Lw grhv qrw krzhyhu vkhg oljkw rq dq| glvfuhsdqflhv dfurvv krxvh0
krogv lq d jlyhq frxqwu|1 Wklv dqdo|vlv lv xqghuwdnhq lq wkh Dsshqgl{/ dqg
zh fdq vkrz wkdw wkh rxwsxw errp lv vpdoohu iru wkh krxvhkrogv zkr surgxfh
wkh w|sh wkdw wkh krph frxqwu| vshfldol}hv lq +w|sh �,=

+� � +� ' � Ew � 4� E2� � �� r

Dv w : 4 d ghsuhfldwlrq lpsolhv wkdw +� 	 +�1 Wklv uh hfwv wkh gl�huhqfhv
lq wkh qdwxuh ri wkh frpshwlwlrq idfhg e| gl�huhqw krxvhkrogv1 Uhfdoo wkh
ghpdqg idfhg e| d krph krxvhkrog surgxflqj eudqg 5M ri w|sh }=

+} ' S� � w
k
R}

�
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�
� R}

l
� 4 ER} � R�

Wkuhh idfwruv d�hfw wkh ghpdqg1 Wkh �uvw/ S�/ uh hfwv wkh vwuhqjwk ri zruog0
zlgh frqvxpswlrq dqg d�hfwv wkh ghpdqg iru doo eudqgv lghqwlfdoo|1 Wkh

7Ixuwkhupruh/ wkh hodvwlflw| � lv odujhu lq wkh orqj uxq wkdq lq wkh vkruw uxq/ dv vkrzq

lq wkh Dsshqgl{1
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vhfrqg/ R} � R/ lv wkh fkdqjh lq wkh uhodwlyh sulfh dfurvv w|shv1 Dv douhdg|
srlqwhg/ d ghsuhfldwlrq orzhuv wkh sulfh lqgh{ ri w|sh � uhodwlyh wr wkh sulfh
lqgh{ ri w|sh �/ vr wkdw= R� � R 	 f dqg R� � R : f1 Wkh lpsdfw rq wkh
rxwsxw ghpdqg lv krzhyhu olplwhg dv wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq
w|shv/ 4/ lv vpdoo1 Wkh odvw dvshfw lv wkh frpshwlwlyhqhvv jdlq ylv0d0ylv rwkhu
surgxfhuv ri wkh vdph w|sh/ dv fdswxuhg e| wkh uhodwlyh sulfh ri wkh eudqg/
R}

�
5M

�
� R}1 Wklv lv wkh prvw lpsruwdqw idfwru dv dq| fkdqjh lq uhodwlyh

sulfhv lv pdjql�hg e| wkh kljk vxevwlwxwdelolw| ehwzhhq eudqgv/ w1 Lq wkh
vkruw uxq zh fdq zulwh=

R�
�
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� R� ' �R� ' ��r

Dv � � f�D wkh frpshwlwlyhqhvv jdlq lv vpdoohu iru krph krxvhkrogv ri w|sh
�1 Lqwxlwlyho| d krph krxvhkrog ri w|sh � idfhv frpshwlwruv wkdw duh prvwo|
iurp wkh krph frxqwu|/ ylv0d0ylv zkrp vkh jdlqv qr frpshwlwlyhqhvv1 E|
frqwudvw d krph krxvhkrog ri w|sh � idfhv prvwo| iruhljq frpshwlwruv dqg
ehqh�wv iurp d vxevwdqwldo jdlq lq frpshwlwlyhqhvv iurp wkh ghsuhfldwlrq1

Wkh vwurqjhu ghpdqg errvw iru krph krxvhkrogv ri w|sh � lq wxuqv jhq0
hudwhv odujhu frqvxpswlrq dqg vdylqjv jdlqv/ uhodwlyh wr krph krxvhkrogv ri
w|sh �=

S� � S� ' � Ew � 4�
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�3q
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q
�3q
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Wkh vpdoohu dvvhw dffxpxodwlrq e| krxvhkrogv ri w|sh � +K� � K� 	 f,
lq wxuqv lpsolhv wkdw wkh| frqvxph ohvv dqg zrun pruh lq wkh orqj uxq=
7S� � 7S� 	 f/ 7+� � 7+� 	 f1 Qrwh wkdw d ghsuhfldwlrq olplwv wkh lqfuhdvh lq
frqvxpswlrq ehfdxvh lw uhgxfhv wkh krph krxvhkrogv* sxufkdvlqj srzhu e|
lqfuhdvlqj lpsruw sulfhv1 Wklv dvshfw grhv qrw d�hfw wkh vlwxdwlrq ri krph
krxvhkrogv ri w|sh � uhodwlyh wr krph krxvhkrogv ri w|sh � krzhyhu1 Dv doo
krxvhkrogv duh idfhg zlwk wkh vdph frqvxphu sulfhv/ wkh ghsuhfldwlrq htxdoo|
uhgxfhv wkh sxufkdvlqj srzhu ri doo krph krxvhkrogv1

Zh fdq xqghuwdnh d vlplodu dqdo|vlv iru wkh iruhljq frxqwu|/ dqg �qg wkdw
rxwsxw ghfuhdvhv pruh iru iruhljq krxvhkrogv ri w|sh �=

+�W � +�W ' +� � +� ' � Ew � 4� E2� � �� r
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Wkh ghpdqg idfhg e| d iruhljq krxvhkrog surgxflqj eudqg 58 ri w|sh } lv
jlyhq e|=

+}W ' S� � w
k
R}W

�
58

�
n r� R}

l
� 4 ER} � R�

Wkh pdlq idfwru gulylqj wkh ghpdqg lv wkh frpshwlwlyhqhvv ri wkh sduwlfxodu
eudqg surgxfhg e| wkh krxvhkrog/ R}W

�
58

�
n r � R}1 Lq wkh vkruw uxq/ zh

zulwh=

R�W
�
58

�
n r� R� ' �r / R�W

�
58

�
n r� R� ' E�� �� r

Wkh orvv ri frpshwlwlyhqhvv lv odujhu iru d iruhljq krxvhkrog ri w|sh � ehfdxvh
vkh frpshwhv prvwo| djdlqvw krph krxvhkrogv zkrvh jrrgv duh pdgh pruh
frpshwlwlyh e| wkh ghsuhfldwlrq1 E| frqwudvw d iruhljq krxvhkrog ri w|sh �
frpshwh prvwo| djdlqvw rwkhu iruhljq krxvhkrogv/ djdlqvw zkrp vkh orrvhv
qr frpshwlwlyhqhvv1 Lq whupv ri frqvxpswlrq dqg vdylqjv gl�huhqwldov lq wkh
iruhljq frxqwu|/ zh fdq vkrz wkdw= S�W� S�W ' S�� S�/ K�W� K�W ' K�� K�1

617 Zhoiduh dqdo|vlv

Rxu vhwxs surylghv xv zlwk d zhoo jurxqghg zhoiduh dqdo|vlv ri prqh0
wdu| vkrfnv lq wkh irup ri wkh krxvhkrog xwlolw| +4,1 Iroorzlqj wkh vwdqgdug
dssurdfk lq wkh olwhudwxuh/ zh devwudfw iurp wkh gluhfw zhoiduh lpsdfw ri
uhdo edodqfhv dqg irfxv rq frqvxpswlrq dqg h�ruw1 Wkh zhoiduh ri d krph
krxvhkrog ri w|sh } lv olqhdul}hg dv=

�} ' S} �
w � �

w
+} n

q

�� q

%
7S} �

w � �

w
7+}
&

+48,

zlwk d vlplodu h{suhvvlrq iru d iruhljq krxvhkrog1 Lq zruogzlgh whupv/ zh
jhw wkh vwdqgdug uhvxow wkdw d prqhwdu| h{sdqvlrq lv ehqh�fldo dv lw whp0
srudulo| eulqjv rxwsxw dqg frqvxpswlrq forvhu wr wkh �uvw ehvw rxwfrph=
�� ' w3� 76� : f1

Iroorzlqj vwhsv suhvhqwhg lq wkh Dsshqgl{/ zh �qg wkdw d ghsuhfldwlrq
ri wkh krph fxuuhqf| dgyhuvho| d�hfwv krph krxvhkrogv/ uhodwlyh wr wkhlu
iruhljq frxqwhusduwv=

�� �W ' �
w � 1

w

� n 4

E�� q� n 4 E� n q�
r

' �
w � 4

w

� n 4

E�� q� n 4 E� n q�
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Wkh lqwxlwlrq iru wklv *ehjjdu0wk|vhoi* lv lghqwlfdo wr Wlooh +5334,/ zklfk lv
wkh fdvh zlwk E2� � ��2 ' �1 Dv orqj dv wkh krph frxqwu| vshfldol}hv lq
wkh surgxfwlrq ri w|sh � wr vrph h{whqw +� : f�D,/ wkh ghjuhh ri vxevwl0
wxwdelolw| ehwzhhq wkh krph dqg wkh iruhljq edvnhwv/ 1/ lv vpdoohu wkdw wkh
ghjuhh ri vxevwlwxwdelolw| ehwzhhq wzr eudqgv ri d jlyhq edvnhw/ w1 Wkh olp0
lwhg vxevwlwxwdelolw| ehwzhhq wkh krph dqg iruhljq edvnhwv lpsolhv wkdw wkh
ghsuhfldwlrq ohdgv rqo| wr d prghudwh errvw lq uhodwlyh rxwsxw/ + � +W/ zlwk
d fruuhvsrqglqjo| vpdoo lqfuhdvh lq vdohv uhyhqxh1 Wkh lqfuhdvh lq uhodwlyh
krph frqvxpswlrq/ S� SW/ lv ixuwkhu gdpshqhg e| d olplwhg delolw| iru krph
krxvhkrogv wr vxevwlwxwh dzd| iurp pruh h{shqvlyh lpsruwv1 Wkh jdlq lq
krph frqvxpswlrq/ li dq|/ eurxjkw e| wkh ghsuhfldwlrq ri wkh krph fxuuhqf|
duh wkhq wrr vpdoo wr r�vhw wkh kljkhu h�ruw uhtxluh wr phhw wkh lqfuhdvh
lq rxwsxw/ vr wkdw wkh krph frxqwu| orrvhv uhodwlyh wr wkh iruhljq frxqwu|
+�� �W 	 f,1

Wkh dgyhuvh h�hfw iru wkh dyhudjh krph krxvhkrog klghv vljql�fdqw gl�hu0
hqfhv dfurvv krxvhkrogv1 Wkh gl�huhqfh lq wkh krph frxqwu| fdq eh ghulyhg
dv=

�� � �� ' �
w � 4

w

� n 4

E�� q� n 4 E� n q�
E2� � �� r

Krph krxvhkrogv ri w|sh � ehqh�w iurp d ghsuhfldwlrq ri wkh krph fxuuhqf|/
frpsduhg wr krph krxvhkrogv ri w|sh �1 Wkh| hqmr| d kljkhu lqfuhdvh lq
frqvxpswlrq wkdw lv rqo| sduwldoo| r�vhw e| d kljkhu lqfuhdvh lq h�ruw1

Wxuqlqj wr iruhljq �upv/ zh fdq vkrz wkdw wkh zhoiduh h�hfw lv lghqwlfdo
iru krxvhkrogv ri d jlyhq w|sh lq erwk frxqwulhv=

��W ' �� / �� ' ��W

Rxu dqdo|vlv vkrzv wkdw wkh dyhudjh h�hfw iru d frxqwu| lv qrw uhsuhvhq0
wdwlyh/ dv wkh vlwxdwlrq ri vkduso| gl�huv dfurvv krxvhkrogv1 Iru lqvwdqfh
krxvhkrogv ri w|sh � dozd|v ehqh�w iurp d ghsuhfldwlrq ri wkh krph fxu0
uhqf|1 Uhfdoolqj wkdw d ghsuhfldwlrq vwhpplqj iurp d prqhwdu| h{sdqvlrq
lqfuhdvhv zruogzlgh zhoiduh +�� : f,/ wkh furvv frxqwu| uhvxowv lpsolhv wkdw
wkh iruhljq frxqwu| ehqh�wv +�W : f,/ d ehqh�w wkdw lv frqfhqwudwhg dprqjvw
krxvhkrogv ri w|sh � +��W ' �� : f,1 E| frqwudvw krxvhkrogv ri w|sh �
orrvh lq uhodwlyh whupv +�� 	 ��,/ dqg srvvleo| lq devroxwh whupv +�� 	 f,1
Lqwxlwlyho| wkh orvv iru wkh krph frxqwu| lv frqfhqwudwhg rq wkh pdmrulw|
ri krxvhkrogv wkdw idfh olwwoh iruhljq frpshwlwlrq/ zkhuhdv wkh plqrulw| ri
krxvhkrogv lq wkh vhfwru wkdw lv iruhljq grplqdwhg +�, ehqh�w iurp d vl}deoh
jdlq lq frpshwlwlyhqhvv1
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7 D qxphulfdo looxvwudwlrq

Zh looxvwudwh rxu wkhruhwlfdo uhvxowv e| phdqv ri d qxphulfdo h{dpsoh1
Zh vhw w ' S/ lpso|lqj d vwhdg| vwdwh pdunxs ri 2fI1 Zh fkrrvh q ' f�be/
fruuhvsrqglqj wr d vwhdg| vwdwh uhdo lqwhuhvw udwh ri SI1 Zh frqvlghu irxu
fdvhv iru wkh ghjuhh ri vhfwrudo vshfldol}dwlrq= qr vshfldol}dwlrq +/ � ' f�D,/
dyhudjh vshfldol}dwlrq +� ' f�.D,/ odujh exw lqfrpsohwh vshfldol}dwlrq +� '
f�bD,/ frpsohwh vshfldol}dwlrq +� ' �,1 Zh dovr frqvlghu wzr srvvleoh ydoxhv
iru wkh ghjuhh ri vxevwlwxwdelolw| ehwzhhq w|shv= d orz vxevwlwxwdelolw| fdvh
+4 ' �, dqg d kljk vxevwlwxwdelolw| fdvh +4 ' e,18 Zlwkrxw orvv ri jhqhudolw|/
zh frqvlghu d xqlw prqhwdu| vkrfn lq wkh krph frxqwu| + 76 ' �/ 76W ' f,1

Wkh srvlwlyh uhvxowv duh suhvhqwhg lq wdeoh 71 Lq wkh devhqfh ri vshfldol}d0
wlrq +� ' f�D, doo krxvhkrogv lq erwk frxqwu| duh lq dq lghqwlfdo vlwxdwlrq/ qr
pdwwhu krz vxevwlwxwdeoh w|shv duh1 D kljkhu ghjuhh ri vhfwrudo vshfldol}d0
wlrq � uhgxfhv wkh pdjqlwxgh ri wkh h�hfwv rq rxwsxw/ zlwk d vpdoohu errvw
lq wkh krph frxqwu| ++, dqg d vpdoohu frqwudfwlrq lq wkh iruhljq frxqwu|
++W,1 Zkhq frxqwu| duh pruh vshfldol}hg/ wkh krph dqg iruhljq edvnhwv duh
srruhu vxevwlwxwhv dqg wkh fkdqjh ri uhodwlyh sulfhv eurxjkw e| wkh ghsuhfld0
wlrq grhv qrw ohdg wr d vxevwdqwldo frqvxpswlrq vzlwfklqj h�hfw1 Wkh lpsdfw
lv krzhyhu vkduso| gl�huhqw dfurvv krxvhkrogv/ dv d kljkhu ghjuhh ri vhfwrudo
vshfldol}dwlrq uhgxfhv wkh rxwsxw h�hfw iru krph krxvhkrogv ri w|sh � exw
lqfuhdvhv lw iru krph krxvhkrogv ri w|sh �1 Wkh vlwxdwlrq lv pluuruhg lq
wkh iruhljq frxqwu| zkhuh krxvhkrogv ri w|sh � vx�hu iurp d odujh orvv ri
frpshwlwlyhqhvv zkhq vshfldol}dwlrq lv kljk1

Wkh rxwsxw fkdqjhv ohdg wr fkdqjhv lq vdohv uhyhqxh wkdw wudqvodwh lqwr
frqvxpswlrq dqg vdylqjv1 Dv wkh ghsuhfldwlrq lqfuhdvhv wkh dyhudjh uhy0
hqxh lq wkh krph frxqwu|/ krph frqvxpswlrq lqfuhdvhv e| pruh wkdq iruhljq
frqvxpswlrq1 Wkh gl�huhqwldo lv uhgxfhg zkhq wkh ghjuhh ri vshfldol}dwlrq
lv kljk/ ehfdxvh lq vxfk d fdvh wkh ghsuhfldwlrq rqo| prghudwho| lqfuhdvhv
krph rxwsxw dqg uhyhqxh1 Wkh sdwwhuq gl�huv ghshqglqj rq wkh w|sh ri
wkh krxvhkrog1 Lq wkh krph frxqwu| krxvhkrogv ri w|sh � h{shulhqfh d
odujhu frqvxpswlrq errvw wkdq wkhlu frxqwhusduwv ri w|sh �1 Wkh vlwxdwlrq
lv pluuruhg lq wkh iruhljq frxqwu|1 Wkh kljkhu uhyhqxh iru wkh krph frxqwu|
wudqvodwhv lqwr d fxuuhqw dffrxqw vxusoxv +K : f,1 Wklv vxusoxv ghfuhdvhv
zkhq vhfwrudo vshfldol}dwlrq lv odujhu/ ehfdxvh wkh krph dqg iruhljq edvnhwv

8Uhfdoo wkdw wkh glvwlqfwlrq ehwzhhq w|shv dqg eudqgv lv luuhohydqw zkhq wkhuh lv dv
pxfk vxevwlwxwdelolw| ehwzhhq w|shv dv ehwzhhq eudqgv +� @ �,1
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duh wkhq srru vxevwlwxwhv dqg wkh ghsuhfldwlrq ri wkh krph fxuuhqf| ohdgv
wr d vpdoo frqvxpswlrq vzlwfklqj wrzdugv krph jrrgv1 Wkh sdwwhuq djdlq
gl�huv dfurvv krxvhkrogv/ zlwk d kljkhu vhfwrudo vshfldol}dwlrq uhgxflqj wkh
vdylqjv iru krph krxvhkrogv ri w|sh �/ zkloh lqfuhdvlqj wkh vdylqjv ri krph
krxvhkrogv ri w|sh �1

Wdeoh 8 vkrzv wkh zhoiduh h�hfwv1 Wkh ydoxhv fdq eh lqwhusuhwhg dv wkh
shufhqwdjh lqfuhdvh lq vkruw uxq frqvxpswlrq wkdw zrxog ohdg wr wkh vdph
zhoiduh h�hfw dv wkh prqhwdu| vkrfn19 Lq wkh devhqfh ri vhfwrudo vshfldo0
l}dwlrq +� ' f�D,/ wkh prqhwdu| h{sdqvlrq htxdoo| ehqh�wv doo krxvhkrogv
qr pdwwhu krz vxevwlwxwdeoh w|shv duh1 Qrwh wkdw wklv fruuhvsrqgv wr wkh
uhvxowv lq Revwihog dqg Urjr� +4<<9,1 Zkhq wkhuh lv vrph vhfwrudo vshfldo0
l}dwlrq/ wkh krph frxqwu| lv zruvh r� uhodwlyh wr wkh iruhljq frxqwu|/ dqg lq
devroxwh whupv zkhq wkhuh lv olwwoh vxevwlwxwdelolw| ehwzhhq w|shv1 Wkh hi0
ihfwv duh vwulnlqjo| gl�huhqw dfurvv krxvhkrogv1 Wkh orvv lq wkh krph frxqwu|
lv frqfhqwudwhg dprqj wkh pdmrulw| ri krxvhkrogv ri w|sh �/ zkhuhdv wkh
plqrulw| ri krxvhkrogv ri w|sh � ehqh�w1 Zkhq w|shv duh srru vxevwlwxwhv
iru lqvwdqfh +4 ' �,/ li bD shufhqw ri krph krxvhkrogv surgxfh w|sh �/ wkh|
orrvh wkh htxlydohqw ri f�2H shufhqw ri frqvxpswlrq/ zkhuhdv wkh plqrulw|
ri krxvhkrogv ri w|sh � jdlqv wkh htxlydohqw ri f�eD shufhqw ri frqvxps0
wlrq1 Wkh vlwxdwlrq lv pluuruhg lq wkh iruhljq frxqwu| zkhuh wkh jdlq iru wkh
pdmrulw| ri w|sh � krxvhkrogv frphv dw d frvw iru wkh plqrulw| ri w|sh �
krxvhkrogv1

8 Frqfoxvlrq

Wklv sdshu vkrzv wkdw wkh h{fkdqjh udwh  xfwxdwlrqv fdq jhqhudwh vlj0
ql�fdqw lqwhu0vhfwrudo gl�huhqfhv zlwklq d frxqwu|1 Wklv dvshfw lv ljqruhg e|
hduolhu frqwulexwlrq dv wkh| dvvxph frpsohwh lqwhuqdwlrqdo vhfwrudo vshfldo0
l}dwlrq1 Rxu dqdo|vlv lqglfdwhv wkdw vxfk dq dvvxpswlrq lv wrr uhvwulfwlyh1
Zkhuhdv wkh lpsdfw ri h{fkdqjh udwh  xfwxdwlrqv rq wkh dyhudjh krxvhkrog
lv frqvlvwhqw zlwk hduolhu prghov/ lw klghv vljql�fdqw gl�huhqfhv dfurvv krxvh0
krogv1 Wkh dgyhuvh *ehjjdu0wk|vhoi* h�hfw ri d ghsuhfldwlrq lv frqfhqwudwhg
rq d pdmrulw| ri krxvhkrogv/ zkhuhdv d plqrulw| ehqh�wv1 Wklv ihdwxuh uh0
 hfwv wkh gl�huhqw lpsdfw ri wkh ghsuhfldwlrq rq frpshwlwlyhqhvv1 Krxvhkrogv

9Iru lqvwdqfh x @ 3=45 lqglfdwhv wkdw d 4( shupdqhqw prqhwdu| h{sdqvlrq lq wkh

krph frxqwu| kdv wkh vdph ehqh�w iru wkh dyhudjh krph krxvhkrog wkdq d 3=45( shufhqw

lqfuhdvh lq vkruw uxq frqvxpswlrq f1
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wkdw idfh d prvwo| grphvwlf frpshwlwlrq jdlq olwwoh/ zkhuhdv wkh plqrulw| ri
lpsruw frpshwlqj krxvhkrog ehqh�wv iurp d vl}deoh frpedwlyhqhvv jdlq1

Wkh fhqwudo uroh sod|hg e| frpshwlwlyhqhvv frqvlghudwlrqv lq rxu dqdo|0
vlv vxjjhvwv d fdyhdw1 D olplwhg sdvv0wkurxjk ri h{fkdqjh udwh  xfwxdwlrqv
wr frqvxphu sulfhv/ dv lq Ehwwv dqg Ghyhuhx{ +5333,/ zrxog gdpshq wkh
phfkdqlvp1:

Wkh dqdo|vlv rshqv vhyhudo dyhqxhv iru ixwxuh uhvhdufk1 Iluvw/ wkh glv0
wulexwlrqdo glphqvlrq srlqwv wr d srolwlfdo hfrqrp| dqdo|vlv1 Vhfrqg/ wkh
dvvxpswlrq ri dq h{rjhqrxv ghjuhh ri vshfldol}dwlrq vkrxog eh uhod{hg wr h{0
soruh krz h{fkdqjh udwh  xfwxdwlrqv d�hfw wkh fkrlfh ri vhfwru e| surgxfhuv1
Ilqdoo|/ wkh vhfwrudo glphqvlrq ri wkh prgho surylghv d vhwxs iru wkh dqdo|vlv
ri wkh rswlpdo prqhwdu| srolf| uhdfwlrq wr vhfwrudo vkrfnv1

:Iru d uhfhqw uhylhz ri wkh uroh ri olplwhg sdvv0wkurxjk vhh Hqjho +5334,1
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9 Dsshqgl{

914 Exloglqj eorfnv

Wklv vhfwlrq suhvhqw wkh olqhdul}hg htxdwlrqv wkdw frqvwlwxwh wkh exloglqj
eorfnv ri wkh prgho1 Zh vwduw zlwk wkh sulfh lqgh{hv lq wdeoh 6=
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zkhuh R�
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�
lv wkh +orj ghyldwlrq ri wkh, sulfh/ lq krph fxuuhqf|/ fkdujhg

e| wkh krph �up surgxflqj eudqg 5M ri w|sh �1 Dv doo �upv surgxflqj d
jlyhq w|sh lq d jlyhq frxqwu| duh lghqwlfdo/ vr duh wkhlu sulfhv1 R�W

�
58

�
nr lv

wkh sulfh/ lq krph fxuuhqf|/ sdlg e| d krph krxvhkrog iru eudqg 58 ri w|sh
� surgxfhg lq wkh iruhljq frxqwu|1 Wkh sulfh frqvlvwv ri wkh sulfh fkdujhg
e| wkh iruhljq �up lq iruhljq fxuuhqf|/ R�W

�
58

�
/ fruuhfwhg iru wkh h{fkdqjh

udwh/ r1 R� lv wkh sulfh/ lq krph fxuuhqf|/ sdlg e| d krph krxvhkrog iru wkh
edvnhw ri jrrgv ri w|sh �1 Dv wkh odz ri rqh sulfh krogv/ wkh sulfhv lq wkh
iruhljq frxqwu| duh=
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Wxuqlqj wr wkh rxwsxw ghpdqg/ zh xvh +:,0+;, wr zulwh=
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zkhuh } ' �/ �1 Wkh rswlpdo sulflqj frqglwlrqv +<,0+43, duh olqhdul}hg dv
iroorzv=

7R} E5� ' 7Rn 7+} n 7S} +53,

7R}W E5� ' �rn 7Rn 7+}W n 7S}W +54,
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zkhuh wkh xsshu eduv ghqrwh orqj uxq ydoxhv/ dv +53,0+54, gr qrw qhfhvvdulo|
krog rqo| lq wkh vkruw uxq1 Wkh exgjhw frqvwudlqw ri d krph krxvhkrog +5,
dqg lwv iruhljq htxlydohqw duh olqhdul}hg dv=
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Dv wkh qrplqdo lv lq }hur qhw vxsso| zruogzlgh/ zh zulwh=

�K�| n E�� �� K�| n E�� �� K�W| n �K�W| ' f

Wkh Hxohu htxdwlrqv +6,/ +8, dqg wkh prqh| ghpdqgv +7,/ +9, duh olq0
hdul}hg dv=

S}|n� ' S}| n q_�|n� � ER|n� � R|�

S}W|n� ' S}W| n q_�|n� � ER|n� � R|�

6}
| � R| ' S}| �

q

�� q
q_�|n�

6}W
| � RW| ' S}W| �

q

�� q
Eq_�|n� n r|n� � r|�

Frpelqlqj wkhvh htxdwlrqv/ zh fdq vkrz wkdw wkh h{fkdqjh lpphgldwho|
uhdfkhv lwv orqj uxq ydoxh iroorzlqj shupdqhqw prqhwdu| vkrfnv=

S}|n� � S}| ' S}W|n� � S}W| ' q_�|n� � ER|n� � R|� ;} +57,

6}
| � R| ' S}| �

q

�� q
q_�|n� +58,

6}W
| � RW| ' S}W| �

q

�� q
q_�|n� +59,

915 Srvlwlyh dqdo|vlv

91514 Zruogzlgh djjuhjdwh uhvxowv

Zh vwduw e| frpsxwlqj wkh zruogzlgh uhvxowv1 Xvlqj wkh djjuhjdwlrq
uxoh iru zruogzlgh yduldeohv +45,/ zh �qg wkdw wkh zruogzlgh uhdo h�hfwv duh
olplwhg wr wkh vkruw uxq=

S� ' +� ' 76� / 7S� ' 7+� ' f
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91515 Zruogzlgh gl�huhqfhv dfurvv w|shv

Zh wkhq wxuq wr wkh vroxwlrq lq whupv ri zruogzlgh gl�huhqfhv dfurvv
w|shv xvlqj wkh djjuhjdwlrq uxohv +46,1 Lq wkh orqj uxq/ zh xvh wkh sulfh
lqgh{hv +49,0+4:,/ wkh rxwsxw ghpdqgv +4;,0+4<,/ wkh rswlpdo sulflqj +53,0
+54, dqg wkh exgjhw frqvwudlqwv +55,0+56, wr zulwh=

7+�� � 7+�� ' �4
�
7R� � 7R�

�

7R� � 7R� '
�
7+�� � 7+��

�
n
�
7S�� � 7S��

�

7S�� � 7S�� '
�� q

q

�
K�� � K��

�
n
�
7+�� � 7+��

�
n
�
7R� � 7R�

�

Wkh v|vwhp lv vroyhg dv=

7S�� � 7S�� '
� n 4

24

�� q

q

�
K�� � K��

�

7+�� � 7+�� ' �
�

2

�� q

q

�
K�� � K��

�

7R� � 7R� '
�

24

�� q

q

�
K�� � K��

�

Wxuqlqj wr wkh vkruw uxq/ wkh Hxohu htxdwlrqv +57, lpso| wkdw S���S�� '

7S���7S��1 Uhfdoo wkdw lq wkh vkruw uxq sulfhv duh �{hg= R}
�
5M

�
' R}W

�
58

�
'

f1 Frpelqlqj wkh sulfhv lqgh{hv +49,0+4:,/ wkh rxwsxw ghpdqgv +4;,0+4<, dqg
wkh exgjhw frqvwudlqwv +55,0+56, zh ghulyh=

+�� � +�� ' �4
�
R� � R�

�
' 4 E2� � �� r

S�� � S�� ' � E2� � �� rn
�
+�� � +��

�
�
�
K�� � K��

�

Xvlqj wkh orqj uxq vroxwlrq/ zh rewdlq=

S�� � S�� ' E� n 4� E�� q�
4� �

E�� q� n 4 E� n q�
E2� � �� r

K�� � K�� ' 24q
4� �

E�� q� n 4 E� n q�
E2� � �� r

Iurp zklfk zh zulwh=

7R� � 7R� '
E�� q� E4� ��

E�� q� n 4 E� n q�
E2� � �� r
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91516 Furvv0frxqwu| gl�huhqfhv

Wkh qh{w vwhs lv wr dqdo|}h wkh prgho lq whupv ri furvv frxqwu| gl�huhqfhv/
xvlqj wkh djjuhjdwlrq uxohv +44,1 Zh vwduw zlwk wkh orqj uxq1 Iurp wkh rxwsxw
ghpdqgv +4;,0+4<,/ zh zulwh=

7+ � 7+W ' �w
k
�7R�

�
5M

�
n E�� �� 7R�

�
5M

�
� E�� ��

k
7R�W

�
58

�
n r

l
� �

k
7R�W

�
58

�
n r

ll
nEw � 4� E2� � ��

�
7R� � 7R�

�
' �w|J|n Ew � 4� E2� � ��

�
7R� � 7R�

�

zkhuh |J| '
k
�7R�

�
5M

�
n E�� �� 7R�

�
5M

�l
�
k
E�� �� 7R�W

�
58

�
n �7R�W

�
58

�
n r

l
lv wkh whupv ri wudgh1 Wkh rswlpdo sulflqj +53,0+54, dqg wkh exgjhw frq0
vwudlqwv +55,0+56, duh zulwwhq dv=

7S� 7SW ' |J|n E7+ � 7+W� n
�� q

q
EK� KW�

|J| ' E7+ � 7+W� n E7S� 7SW�

Wkh v|vwhp lv wkhq vroyhg dv=

7S� 7SW '
w � 4

w
E2� � ��

�
7R� � 7R�

�
n

� n w

2w

�� q

q
EK� KW�

7+ � 7+W ' �
�

2

�� q

q
EK� KW�

|J| '
w � 4

w
E2� � ��

�
7R� � 7R�

�
n

�

2w

�� q

q
EK� KW�

Wxuqlqj wr wkh vkruw uxq/ wkh Hxohu +57, lpso| wkdw 7S� 7SW ' S� SW1 Wkh
rxwsxw ghpdqgv +4;,0+4<, dqg exgjhw frqvwudlqwv +55,0+56, duh zulwwhq dv=

+ � +W ' wrn Ew � 4� E2� � ��
�
R� � R�

�
'

k
w � Ew � 4� E2� � ��2

l
r

S� SW ' �rn E+ � +W�� EK� KW�

Frpelqlqj zlwk wkh orqj uxq uhvxowv/ zh ghulyh=

ES� SW�

%
� n

2w

� n w

q

�� q

&
'

%
Ew � ��� Ew � 4� E2� � ��2

nw34
w

2w
�nw

qE43��
E�3q�n4E�nq�

E2� � ��2

&
r
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Wkh qh{w vwhs lv wr frpelqh wklv uhvxowv zlwk wkh prqh| ghpdqgv +58,0+59,=
76� 76W � r ' S� SW/ dqg rewdlq wkh furvv0frxqwu| vroxwlrq=

S� SW ' (3�

%
Ew � ��� Ew � 4� E2� � ��2

nw34
w

2w
�nw

qE43��
E�3q�n4E�nq�

E2� � ��2

&
E 76� 76W�

r ' (3�

%
� n

2w

� n w

q

�� q

&
E 76� 76W�

K� KW ' (3� 2w

� n w

q

�� q

%
w � �� Ew � 4� E2� � ��2

�
w34
w

E�3q�E43��
E�3q�n4E�nq�

E2� � ��2

&
E 76� 76W�

zkhuh=

( ' w n
2w

� n w

q

�� q
� Ew � 4� E2� � ��2

%
��

2

� n w

q E4� ��

� n 4n q E4� ��

&

Zh fdq vkrz wkdw( : f1 Iluvw/ qrwlfh wkdw wkh whup lq eudfnhwv lv vwulfwo|
srvlwlyh1 Wkhuhiruh/ uhfdoolqj wkdw w � 4 � �/ 2� � �/ zh zulwh=

Y(

Y�
' �e Ew � 4� E2� � ��

%
��

2

� n w

q E4� ��

E�� q� n 4 E� n q�

&
� f

zlwk d vwulfw htxdolw| li w ' 4 ru 2� ' �1 Ixuwkhupruh/ zh fdq vkrz=

( E� ' �� '

;?
=

4
k
�� 2

�nw
qE43��

E�3q�n4E�nq�

l
n 2w

�nw

k
q

�3q
n qE43��

E�3q�n4E�nq�

l
<@
> : f

Wkhuhiruh ( lv d ghfuhdvlqj ixqfwlrq ri � zkhq � 5 df�Dc �o dqg ( : f zkhq
� ' �/ zklfk lpsolhv wkdw ( : f iru zkhq � 5 df�Dc �o1

91517 Frxqwu| vshfl�f furvv0w|sh gl�huhqfhv

Zh qrz wxuq wr wkh gl�huhqfh dfurvv w|shv zlwklq hdfk frxqwu|/ vwduwlqj
zlwk wkh krph frxqwu|1 Lq wkh orqj uxq/ zh xvh wkh sulfh lqgh{hv +49,/ wkh
rxwsxw ghpdqgv +4;,/ wkh rswlpdo sulflqj +53, dqg wkh exgjhw frqvwudlqwv
+55, wr zulwh=

7+� � 7+� ' �w
k
7R�
�
5M
�
� 7R�

�
5M
�l

n Ew � 4�
�
7R� � 7R�

�
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�
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�
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�
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n
�
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�
n

�� q

q

�
K� � K�

�
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�
5M
�
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�
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�

'
�
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�
n
�
7+� � 7+�

�
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Wkh v|vwhp lv vroyhg dv=

7S� � 7S� '
w � 4

w

�
7R� � 7R�

�
n

� n w

2w

�� q

q

�
K� � K�

�

7+� � 7+� ' �
�

2

�� q
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�
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�

7R�
�
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�
� 7R�

�
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�
'

w � 4

w

�
7R� � 7R�

�
n

�

2w

�� q

q

�
K� � K�

�

Wxuqlqj wr wkh vkruw uxq/ wkh Hxohu htxdwlrqv +57, lpso| wkdw 7S� � 7S� '
S��S�1 Wkh rxwsxw ghpdqgv +4;, dqg exgjhw frqvwudlqwv +55, fdq eh zulwwhq
dv=

+� � +� ' Ew � 4�
�
R� � R�

�

S� � S� '
�
+� � +�

�
�

�
K� � K�

�

Frpelqlqj wklv zlwk wkh orqj uxq uhvxowv dqg rxu vroxwlrq iru 7R� � 7R� dqg
R� � R� ohdgv wr=

S� � S� ' � Ew � 4�
�� 2

�nw
qE43��

E�n4�nqE43��

� n 2w
�nw

q
�3q

E2� � �� r

+� � +� ' � Ew � 4� E2� � �� r

K� � K� ' � Ew � 4�
2q

� n w

w
�3q

n 43�
E�n4�nqE43��

� n 2w
�nw

q
�3q

E2� � �� r

Vlplodu vwhsv fdq eh xqghuwdnhq iru wkh iruhljq frxqwu|1

91518 Furvv0frxqwu| rxwsxw gl�huhqfhv dqg wkh whupv ri wudgh

Wklv vhfwlrq irfxvhv rq wkh hodvwlflw| ri wkh furvv0frxqwu| rxwsxw gl�hu0
hqfh zlwk uhvshfw wr wkh whupv ri wudgh1 Wklv hodvwlflw| lv gh�qhg dv=

1 ' �
+ � +W

|J|
' �

+ � +W

d�R� E5M� n E�� �� R� E5M�o� dE�� �� R�W E58 � n �R�W E58 � n ro

Xvlqj rxu vkruw uxq uhvxowv iru wkh furvv frxqwu| rxwsxw gl�huhqfh dqg wkh
sulfhv/ zh zulwh wkh vkruw uxq hodvwlflw| dv=

1 ' w
k
�� E2� � ��2

l
n 4 E2� � ��2
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Wxuqlqj wr wkh orqj uxq/ uhfdoo wkdw=

7+ � 7+W ' �w|J|n Ew � 4� E2� � ��
�
7R� � 7R�

�
' �

�

2

�� q

q
EK� KW�

Xvlqj wkh vroxwlrq iru 7+ � 7+W dqg 7R� � 7R�/ zh zulwh=

71 ' �
7+ � 7+W

|J|
'

w E7+ � 7+W�

E7+ � 7+W�� Ew � 4� E2� � �� E7R� � 7R��

'
w �

2
�3q
q

EK� KW�

�
2
�3q
q

EK� KW� n Ew � 4� E�3q�E43��
E�3q�n4E�nq�

E2� � ��2 r

Xvlqj wkh vroxwlrqv iru K� KW dqg r/ zh rewdlq=

71 ' w
w
k
w � �� Ew � 4� E2� � ��2

k
� n �

w

E�3q�E43��
E�3q�n4E�nq�

ll

Ew � 4� E4� �� E�3q�nwE�nq�
E�3q�n4E�nq�

E2� � ��2 n w
k
w � �� Ew � 4� E2� � ��2

k
� n �

w

E�3q�E43��
E�3q�n4E�nq�

ll

Wr dqdo|}h wklv hodvwlflw|/ uhfdoo wkdw q lv forvh wr �/ vr wkdw zh fdq zulwh=

71 * 4w
Ew � ��� Ew � 4� E2� � ��2

Ew � �� 4� Ew � 4� E2� � ��2

Wklv lpsolhv wkdw 71 * w li � ' f�D/ 71 * 4 li � ' �/ 4 	 71 	 w li f�D 	 � 	 �
+ehfdxvh 4 � �,1 Ixuwkhupruh zh fdq vkrz wkdw wkh orqj uxq hodvwlflw|
h{fhhgv wkh vkruw uxq hodvwlflw| +71 : 1, zkhq f�D 	 � 	 �1

D pruh ghwdlohg surri wkdw 4 � 1 � 71 � w jrhv dv iroorzv1 Iluvw qrwlfh
wkdw=

71 E� ' f�D� ' w / 71 E� ' �� ' 4

dqg uhfdoo wkdw zh douhdg| qrz wkdw 4 � 1 � w1 Qh{w/ frqvlghu wkh fdvh ri
4 ' �1 Li � ' �/ zh kdyh 71 ' 1 ' �1 Li � 	 �/ zh vhh wkdw 71 ' w � 11

Wxuqlqj wr wkh fdvh zkhuh 4 : �/ zh uh0duudqjh wkh rxwsxw ghpdqgv
+4;,0+4<, lq wkh vkruw dqg wkh orqj uxq=

w|J| '
E�� q� E4� ��

E�� q� n 4 E� n q�
Ew � 4� E2� � ��2 r� E7+ � 7+W�

w|J| ' � Ew � 4� E2� � ��2 r� E+ � +W�
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Uhfdoolqj wkdw |J| 	 f/ dqg |J| : f +zkhq 4 : �,/ zh kdyh=

71 ' w �
E�� q� E4� ��

E�� q� n 4 E� n q�
Ew � 4� E2� � ��2

r

|J|
	 w

1 ' w n Ew � 4� E2� � ��2
r

|J|
	 w

Qh{w/ ghulyh wkh frqglwlrq xqghu zklfk wkh hodvwlflw| lv vwurqjhu lq wkh orqj
uxq=

71 : 1 /
r

|J|
	

E�� q� n 4 E� n q�

E�� q� E4� ��

Xvlqj rxu uhvxowv dqg vrph dojheud/ wklv frqglwlrq lv zulwwhq dv=

E�� q� n w E� n q�

Ew � �� dE�� q� n 4 E� n q�o� 2 Ew � 4� E2� � ��2
	

�

E4� ��

Qrz uhfdoo wkdw q lv forvh wr �/ khqfh zh fdq dssur{lpdwh wkh frqglwlrq dv
iroorzv=

w

Ew � �� 4� Ew � 4� E2� � ��2
	

�

4� �
/ � Ew � 4� 	 � Ew � 4� E2� � ��2

/ � : E2� � ��2

zklfk lv wuxh iru � 	 �1

916 Zhoiduh dqdo|vlv

91614 Zruogzlgh djjuhjdwh uhvxowv

Wkh zruogzlgh djjuhjdwh zhoiduh h�hfw lv hdvlo| frpsxwhg iurp d zhljkwhg
dyhudjh ri wkh fulwhulrq +48, dqg wkh vroxwlrq iru frqvxpswlrq dqg h�ruw1 D
prqhwdu| h{sdqvlrq lv xqdpeljxrxvo| ehqh�fldo=

�� ' S� �
w � �

w
+� '

�

w
76�

91615 Zruogzlgh gl�huhqfhv dfurvv w|shv

Wr frpsxwh wkh zhoiduh h�hfw dfurvv w|shv/ uhfdoo wkh rxwsxw ghpdqgv
+4;,0+4<, dqg wkh exgjhw frqvwudlqwv +55,0+56, lq wkh vkruw dqg wkh orqj uxq=
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�
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Zh frpelqh wkhvh uhodwlrqv zlwk wkh olqhdul}hg zhoiduh fulwhulrq +48,/ dorqj
zlwk rxu uhvxowv iru 7R� � 7R� dqg zulwh=
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91616 Furvv0frxqwu| gl�huhqfhv

Lq whupv ri furvv0frxqwu| gl�huhqfhv/ wkh rxwsxw ghpdqgv +4;,0+4<, dqg
wkh exgjhw frqvwudlqwv +55,0+56, lpso|=
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�� �W ' �rn wr� Ew � 4� E2� � ��2 r� Ew � �� rn
w � �

w
Ew � 4� E2� � ��2 r

n
q

�� q

5
7 |J|� w|J|n Ew � 4� E2� � ��

�
7R� � 7R�

�
n Ew � �� |J|

�w3�

w
Ew � 4� E2� � ��

�
7R� � 7R�

�
6
8

' �
w � 4

w
E2� � ��2 rn

q

�� q

w � 4

w
E2� � ��

�
7R� � 7R�

�

' �
w � 4

w

� n 4

E�� q� n 4 E� n q�
E2� � ��2 r

5:



91617 Frxqwu| vshfl�f furvv0w|sh gl�huhqfhv

Lq wkh krph frxqwu|/ wkh rxwsxw ghpdqgv +4;,0+4<, dqg wkh exgjhw frq0
vwudlqwv +55,0+56, lpso| wkdw=
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Iroorzlqj vlplodu vwhsv/ zh fdq vkrz wkdw ��W � ��W ' �� � ��1 Zh fdq
frpelqh wklv uhvxow zlwk wkh furvv0frxqwu| zhoiduh gl�huhqfh dv iroorzv1 Iurp
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Uhihuhqfhv

^4` Ehqljqr/ Jldqoxfd/ dqg Slhusdror Ehqljqr/ 5333/ Prqhwdu| Srolf| uxohv
dqg wkh H{fkdqjh Udwh/ FHSU Glvfxvvlrq Sdshu 5;3:1

^5` Ehwwv/ Fdurolqh/ dqg Plfkdho Ghyhuhx{/ 5333/ H{fkdqjh Udwh G|qdplfv
lq d Prgho ri Sulflqj0Wr0Pdunhw/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv
83/ 54805771

^6` Fkdul/ Y1Y1/ Sdwulfn Nhkrh dqg Hoohq PfJudwwdq/ 5333/ Fdq Vwlfn|
Sulfhv Prghov jhqhudwh Yrodwloh dqg Shuvlvwhqw Uhdo H{fkdqjh UdwhvB/
Ihghudo Uhvhuyh edqn ri Plqqhdsrolv Vwd� Uhsruw 5::1

^7` Fruvhwwl/ Jldqfduor/ dqg Sdror Shvhqwl/ 5334/ Lqwhuqdwlrqdo Glphqvlrqv
ri Rswlpdo Prqhwdu| Srolf|/ QEHU Zrunlqj Sdshu ;5631

^8` Fruvhwwl/ Jldqfduor/ dqg Sdror Shvhqwl/ 5333/ Zhoiduh dqg Pdfurhfr0
qrplf Lqwhughshqghqfh/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 449/ 75407791

^9` Ghyhuhx{/ Plfkdho/ dqg Fkduohv Hqjho/ 5333/ Prqhwdu| Srolf| lq wkh
Rshq Hfrqrp| Uhylvlwhg= Sulfh Vhwwlqj dqg H{fkdqjh Udwh Ioh{lelolw|/
QEHU Zrunlqj Sdshu :9981

^:` Ghyhuhx{/ Plfkdho/ Fkduohv Hqjho dqg Fìgulf Wlooh/ 4<<</ H{fkdqjh Udwh
Sdvv0Wkurxjk dqg wkh Zhoiduh H�hfwv ri wkh Hxur/ Lqwhuqdwlrqdo Hfr0
qrplf Uhylhz/ iruwkfrplqj1

^;` Hqjho/ Fkduohv/ 5334/ Wkh Uhvsrqvlyhqhvv ri Frqvxphu Sulfhv wr H{0
fkdqjh Udwhv Dqg wkh Lpsolfdwlrqv iru H{fkdqjh Udwh Srolf|= D Vxuyh|
ri D Ihz Uhfhqw Qhz Rshq Hfrqrp| Pdfur Prghov/ plphr/ Xqlyhuvlw|
ri Zlvfrqvlq1

^<` Iduxthh/ Kdplg/ 4<<9/ Uhdo H{fkdqjh Udwhv dqg wkh Sdwwhuq ri Wudgh=
Frpsdudwlyh G|qdplfv iru Qruwk dqg Vrxwk/ Mrxuqdo ri Lqwhuqdwlrqdo
Prqh| dqg Ilqdqfh 48/ 64606691

^43` Jrogehuj/ Olqgd/ dqg Mrvh Fdpsd/ 5333/ Hpsor|phqw yhuvxv Zdjh
Dgmxvwphqw dqg wkh X1V1 Groodu/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/
iruwkfrplqj1

^44` Jrogehuj/ Olqgd/ dqg Mrvhsk Wudf|/ 5334/ H{fkdqjh Udwh dqg Zdjhv/
QEHU Zrunlqj Sdshu ;46:1
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^45` Jrxulqfkdv/ Slhuuh0Rolylhu/ 4<<;/ H{fkdqjh Udwhv dqg Mrev= Zkdw gr
Zh Ohduq iurp Mre IorzvB/ QEHU Pdfurhfrqrplfv Dqqxdo/ 486053;1

^46` Juxeho/ Khuehuw/ dqg S1M1 Oor|g/ 4<:8/ Lqwud0Lqgxvwu| Wudgh/ MrkqZloh|
) Vrqv/ Qhz \run1

^47` Odqh/ Sklols/ 5334/ Wkh Qhz Rshq Hfrqrp| Pdfurhfrqrplfv= D Vxu0
yh|/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv 87/ 56805991

^48` Revwihog/ Pdxulfh/ dqg Nhqqhwk Urjr�/ 5333d/ Gr zh uhdoo| qhhg d Qhz
Lqwhuqdwlrqdo Prqhwdu| FrpsdfwB/ QEHU Zrunlqj Sdshu :;971

^49` Revwihog/ Pdxulfh/ dqg Nhqqhwk Urjr�/ 5333e/ Qhz Gluhfwlrqv iru
Vwrfkdvwlf Rshq hfrqrp| Prghov/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv
83/ 44:04871

^4:` Revwihog/ Pdxulfh/ dqg Nhqqhwk Urjr�/ 4<<9/ Irxqgdwlrqv ri Lqwhuqd0
wlrqdo Pdfurhfrqrplfv/ fkdswhu 43/ PLW suhvv1

^4;` Revwihog/ Pdxulfh/ dqg Nhqqhwk Urjr�/ 4<<8/ H{fkdqjh Udwh G|qdplfv
Uhgx{/ Mrxuqdo ri Srolwlfdo Hfrqrp| 436/ 957098<1

^4<` Urjhuv/ Mrkq/ 4<<:/ Prqhwdu| Vkrfnv dqg Uhdo H{fkdqjh Udwhv/ Erdug
ri Jryhuqruv ri wkh Ihghudo Uhvhuyh/ plphr1

^53` Vduqr/ Oxflr/ 5334/ Wrzdug d Qhz Sdudgljp lq Rshq Hfrqrp| Prg0
holqj= Zkhuh gr Zh VwdqgB/ Ihghudo Uhvhuyh Edqn ri Vw1Orxlv Uhylhz/
Pd|2Mxqh 53341

^54` Wlooh/ Fìgulf/ 5334/ Wkh Uroh ri Frqvxpswlrq Vxevwlwxwdelolw| lq wkh Lq0
whuqdwlrqdo Wudqvplvvlrq ri Vkrfnv/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv
86/ 75407771
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Figure 1: Sectoral specialization

γ = 1 : Complete sectoral specialization

Home Foreign

1 Type A Type B 1

0 < γ < 1 : Partial sectoral specialization

Home Foreign

Type A 1 - γ

γ Type A

Type B γ

1 - γ Type B

γ = 0.5 : No sectoral specialization

Home Foreign

0.5 Type A Type A 0.5

0.5 Type B Type B 0.5



Table 4: Numerical illustration: positive results

Low substitutability across types: ρ = 1

Output (y ) Consumption (c ) Short run savings (b )

Household γ = 0.5 γ = 0.75 γ = 0.95 γ = 1 γ = 0.5 γ = 0.75 γ = 0.95 γ = 1 γ = 0.5 γ = 0.75 γ = 0.95 γ = 1

Home:
  Type A 3.04 2.04 1.23 1.00 0.58 0.54 0.51 0.50 2.04 1.06 0.23 0.00
  Type B 3.04 4.25 5.58 0.58 0.62 0.66 2.04 3.19 4.43
  Average 3.04 2.59 1.44 1.00 0.58 0.56 0.52 0.50 2.04 1.59 0.44 0.00

Foreign:
  Type A -2.04 -3.25 -4.58 0.42 0.38 0.34 -2.04 -3.19 -4.43
  Type B -2.04 -1.04 -0.23 0.00 0.42 0.46 0.49 0.50 -2.04 -1.06 -0.23 0.00
  Average -2.04 -1.59 -0.44 0.00 0.42 0.44 0.48 0.50 -2.04 -1.59 -0.44 0.00

High substitutability across types: ρ = 4

Output (y ) Consumption (c ) Short run savings (b )

Household γ = 0.5 γ = 0.75 γ = 0.95 γ = 1 γ = 0.5 γ = 0.75 γ = 0.95 γ = 1 γ = 0.5 γ = 0.75 γ = 0.95 γ = 1

Home:
  Type A 3.04 2.65 2.36 2.29 0.58 0.56 0.55 0.55 2.04 1.66 1.37 1.29
  Type B 3.04 3.51 3.96 0.58 0.59 0.61 2.04 2.49 2.91
  Average 3.04 2.86 2.44 2.29 0.58 0.57 0.56 0.55 2.04 1.86 1.44 1.29

Foreign:
  Type A -2.04 -2.51 -2.96 0.42 0.41 0.39 -2.04 -2.49 -2.91
  Type B -2.04 -1.65 -1.36 -1.29 0.42 0.44 0.45 0.45 -2.04 -1.66 -1.37 -1.29
  Average -2.04 -1.59 -0.44 -1.29 0.42 0.43 0.44 0.45 -2.04 -1.86 -1.44 -1.29

Parameters: - substitutability across brands: θ = 6
  - discount rate: β = 0.94
  - monetary shock: m  = 1, m * = 0



Table 5: Numerical illustration: Normative results

Low substitutability across types: ρ = 1 High substitutability across types: ρ = 4

Welfare (u ) Welfare (u )

Household γ = 0.5 γ = 0.75 γ = 0.95 γ = 1 Household γ = 0.5 γ = 0.75 γ = 0.95 γ = 1

Home: Home:
  Type A 0.08 -0.10 -0.28 -0.33   Type A 0.08 0.04 0.00 -0.01
  Type B 0.08 0.27 0.45   Type B 0.08 0.13 0.17
  Average 0.08 -0.01 -0.24 -0.33   Average 0.08 0.06 0.01 -0.01

Foreign: Foreign:
  Type A 0.08 -0.10 -0.28   Type A 0.08 0.04 0.00
  Type B 0.08 0.27 0.45 0.50   Type B 0.08 0.13 0.17 0.18
  Average 0.08 0.18 0.41 0.50   Average 0.08 0.11 0.16 0.18


